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Poetic Abstract

Ein Fiirst und doch keines Fiirsten Sohn,
Gesetze der Erdmutter waren der Lohn
Fiir den, der vermals das Land, das Trigon.

Gebrannt und gehéngt, geschleudert, geschlagen,
So horen wir téglich ihr Rufen und Klagen,
doch keiner der Frommen wird sich erbarmen.t

Die zwei nun ergeben das Hochste von vielen,
beweisen sie nur genug eigenen Willen.
Dies woll'n wir bei Paaren im Spiegel erzielen.

!Second verse freely adapted from by Bentzien [12], page 34.






Abstract

The aim of this thesis is the investigation of the asymptotic behaviour of empirical
U-quantiles under dependence. U-quantiles are a generalization of order statistcs and
are applicated in robust statistics. Examples are the Hodges-Lehmann estimator of
location or the @, estimator of scale. Furthermore, we want to study generalized
linear statistics, which are linear combinations of U-quantiles. An important tool for
the analysis of the asymptotic distribution of quantiles is the Bahadur representa-
tion, which gives a relation to the empirical distribution function. U-quantiles can be
approximated by the empirical U-distribution function in this way. For this reason,
we will develop some new results for U-statistics under different mixing assumptions.
We will give pointwise and functional central limit theorems, laws of the iterated
logarithm and strong invariance principles for U-quantiles.

Ziel dieser Arbeit ist es, das asymptotische Verhalten von empirischen U-Quantilen
unter Abhéngigkeit zu analysieren. U-Quantile sind eine Verallgemeinerung von
Ordnungsstatistiken und haben Anwendung in der robusten Statistik, so z. B. der
Hodges-Lehmann-Schétzer fiir die Lage einer Verteilung oder der (),, Skalenschétzer.
Weiterhin wollen wir auch verallgemeinerte lineare Statistiken untersuchen, also Lin-
earkombinationen von U-Quantilen. Fin wichtiges Hilfsmittel fiir die Analyse der
asymptotischen Verteilung von Quantilen ist die Bahadur-Darstellung, mit der ein
Zusammenhang zur empirischen Verteilungsfunktion hergestellt wird. U-Quantile
lassen sich auf diese Weise durch die empirische U-Verteilungsfunktion approximieren.
Aus diesem Grund werden wir auch einige neue Resultate fiir U-Statistiken unter ver-
schiedenen Mischungsbedingungen entwickeln. Wir werden sowohl punktweise also
auch funktionale Versionen des zentralen Grenzwertsatzes, des Gesetzes des iterierten
Logarithmus und des starken Invarianzprinzips fiir U-Quantile beweisen.






Preface

During the period from May 2008 until June 2011, I worked on the topic of empirical
U-quantiles, hoping that the results of my research will be interesting for statisticians
as well as for probabilists. I also hope that I have found a balanced approach between
theory and applicaton. Empirical U-quantiles have application in robust statistics,
i.e. the analysis of data that might be contaminated by extreme outliers. We ex-
tend different classic theorems of probability theory to U-statistics and U-quantiles
of dependent data. Our technical conditions include series from mathematics like
continued fraction as well as from application like GARCH models used for financial
data.

This thesis is based on a series of four papers: Dehling and Wendler [32], [33] on U-
statistics, and Wendler [93], [94] on U-quantiles. However, instead of simply glueing
these four articles together, we restructured the material, adjusted the notation and
improved the technical details in different places.

After an introduction, the second chapter will be a short summary of concepts of
measuring dependence and properties of random variables that are weak dependent
in the sense of strong mixing or absolute regularity. Chapter 3 and 4 will give an
introduction to U-statistics, U-quantiles are dealt with in Chapter 5 and 6. First, we
will investigate the pointwise asymptotic behaviour and then the functional limit the-
orems. The four main Chapters 3 to 6 are divided in three sections each: Definitions
and examples in the first part, technical lemmas in the second and main results in
the third. I tried to give the reader all the necessary information to understand the
ideas and the technical method used without boring him with an excessive repetition
of well-known facts.

This research would not have been possible without the support of numerous peo-
ple. I want to express my deepest gratitude to Herold Dehling, who proposed this
interesting topic to me, discussed it with me many times and gave me advice when-
ever I needed it. I learned a lot from him during the time I wrote my diploma thesis
and my PhD-thesis.

I am thankful to Thomas Kott, Aeneas Rooch, Daniel Vogel, Ting Zhang and
anonymous referees who read my papers carefully and helped me to improve them
with their critical comments. I owe thanks to Julia Tullius who helped me reduce my
mistakes concerning English grammar and spelling. T am very grateful that Wei Biao
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Wu gave me the opportunity to visit him at the University of Chicago for half a year.
I appreciate the financial aid of the German Academic Foundation (Studienstiftung
des deutschen Volkes) and the collaborative research center on dynamical structures
(SFB 823 Dynamische Strukturen) of the German Research Foundation (DFG).

Last, but not least, I want to thank Bettina and Detlef Wendler from all my heart
for being such good parents. Thank you for your encouragement and support during
my studies.
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1 Introduction

1.1 Robust Estimation

Let us start with a classic statistical problem. Assume that (X, ),en iS a sequence
of independent random variables with a N (u,0?) distribution, which is a standard
normal distribution shifted by the location parameter p and stretched by the scale
parameter o. As the normal distribution has all moments, we have that y = EX; is
the expectation and 02 = Var X; is the variance of the random variables. The task is
to find good estimators fi,, = (X1, ..., X,) for the location and 62 = 62(X1,..., X,)
for the variance of X;. Good estimators should have a low bias and a low variance.

The classic solution to this problem are the sample mean i, = X, = %Z?:l X;
and the sample variance 62 = ﬁ > (XZ» — X)Q. There are many justifications
for this estimation procedure, one is the theory of U-statistics introduced by Halmos
[45] and Hoeffding [49]. U-statistics are generalized means. To estimate a parameter
6§ which can be expressed as 0 = E[g(X;, X;)| for a symmetric measurable function,
the U-statistic 5

Un(g) = wln—1) 1<Z 9(Xi, X;)
<i<j<n
is (under independence) an unbiased estimator, as indicated by the U in its name.
If we investigate the model of independently distributed random variables with an
arbitrary density, then U, (g) is even the uniformly minimum variance unbiased esti-
mator.

In this thesis, we will deal with stationary sequences (X, ),en of random variables
that do not behave as nicely; instead of independence, we will allow different forms
of short range dependence including examples such as linear processes of the form
X, =32, a;iZ,—;, GARCH processes, which are used to model volatility clustering
in financial data, and observations from dynamical systems, where X, = T(X,,) for
an expanding map 7. If moments high enough exist (more than second moments for
the sample mean, more than fourth moments for the sample variance), we can still
use U-statistics. They might not be unbiased, but the bias will vanish asymptotically.
The analysis of the asymptotic behaviour will be much more complicated than in the
independent case and will be discussed in Chapter 3.

An important object to characterize dynamical systems with X,,.; = T'(X,,) is the

13



1 Introduction

correlation integral
C(r) = P(I(Xnt1, Xn) = Yoir, Vo)l < 7)

where (Y},),en is a independent copy of (X,,),en. This can be stimated by the empir-
ical U-distribution function, which is a family of U-statistics indexed by r € R (which
also could be described as a U-statistc with values in a function space). Chapter 4 is
about the empirical U-distribution function.

In addition to dependence, we do not assume that the random variables are nor-
mally distributed, the distribution might have much heavier tails, second moments
might not exists. Then the sample variance is not a consistent estimator for the scale,
as it will not converge. An alternative to estimators based on means or generalized
means (U-statistics) are estimators based on empirical quantiles or generalized em-
pirical quantiles (U-quantiles). Let X1y < X ) < ... X, be the order statistic, i.e.
the ordered sample X;,...,X,,. Then the empirical p-quantile is defined as X(f,n1)
and the p-U-quantile as the p-quantile of the sample (g(X;, X;))i1<i<j<n-

Some robust estimators of location that can deal better with heavy tailed data
are the median X([¢5,1), the trimmed mean Xgo5 = %Zin;n X (), which is a linear
statistic (a linear combination of quantiles), or the Hodges—Le4hmann estimator, which
is the 0.5-U-quantile for the kernel function g(z,y) = %(az +y). To estimate the scale,
one could use the inter quartile distance T, = X ([0.751) — X(j0.251), the @, estimator,
which is the 0.25-U-quantile for the kernel function ¢g(z,y) = |z —y| or the winsorized
variance, which is the mean of the values of (X; — X;)?, where the biggest 25% are
replaced by the 0.75-U-quantile for the kernel function g(z,y) = (z — y)?. This is a
generalized linear statistic. The asymptotic behaviour of these types of statistics will
be investigated in Chapters 5 and 6.

1.2 Four Steps of Linearization

The best studied object in probability theory is the partial sum > X, for indepen-
dent and identically distributed random variables. The U-quantiles and generalized
linear statistics we investigate in this thesis are more complicated objects, so we will
try to approximate them by such partial sums of independent random variables to
investigate their asymptotic behaviour. This will be done in four steps:

Bahadur [11] showed that quantiles are close to the empirical distribution function
Fo(t) = Y7 1ix,<s3. The idea is that the empirical quantile will converge to the
inverse F'~*(p) of the distribution function F'. The quantile can be expressed as the
generalized inverse F;*(p) of empirical distribution function. So if F), is close to F,

14



1.3 Main Limit Theorems of this Thesis

there is hope that the slope of F,, is close to the slope of F', which would lead to

Fn<F_1(p)) — D
F=Y(p) — F, X (p)

This relation can indeed be used to derive the asymptotic behaviour of quantiles

~ f(F(p).

and has been generalized to U-quantiles by Geertsema [42] (but only for independent
random variables). We will establish a generalized Bahadur representation under
dependence in Theorem 5.3.1 and Theorem 6.3.1.

For U-quantiles, the Bahadur representation gives a relation to the empirical U-
distribution function, which is still not a simple partial sum of random variables.
Hoeffding [49] found a way to decompose U-statistics into a partial sum and a so-called
degenerate part, which is a U-statistic with uncorrelated summands. For dependent
data, the summands of the degenerate part might be correlated, but the correlation
can be bounded with the help of generalized covariance inequalities, a method first
used by Yoshihara [98]. We will investigate the rate of almost sure convergence for
the degenerate part in Proposition 3.3.2 and Proposition 4.2.3.

The first two steps (Bahadur representation and Hoeffding decomposition) lead to
a partial sum, but as we do not assume that the random variables are independent,
there is still a way to go. In this thesis, we will consider sequences (X,,)n,en that
are near epoch dependent on an underlying process (Z,),en. Near epoch dependence
roughly means that the random variables are close to a function of finitely many of the
underlying random variables, X,, ~ h(Z,_, ..., Zy11). If (Z,)nen is short range de-
pendent (for example in the sense of absolute regularity), then (h(Z,_i, ..., Zn11))nen
is also short range dependent.

So the last step is to show that the partial sum of short range dependent random
variables have the same behaviour as the ones of independent random variables. Two
techniques are useful: blocking and coupling. If big blocks are seperated by small
blocks, the depedence vanishes as the size of the small blocks increases. Furthermore,
absolute regular observation can be replaced by a independent ones by coupling meth-
ods, such that the replacement differs from the original random variables only with a
small probability. More details about near epoch dependence and short range depen-

dence in the sense of strong mixing or absolute regularity can be found in Chapter
2.

1.3 Main Limit Theorems of this Thesis

With the four steps described above, we can approximate U-quantiles of dependent
data by a partial sum of independent data. What asymptotic behaviour can be
expected for such an object? Note that the sample mean X, is a consistent estimator

15



1 Introduction

for the mean, that means % > (X;— EX;) converges to zero for independent random
variables. But there are different types of convergence in probability theory: The weak
law of large numbers gives convergence in probability, the strong law of large numbers
almost sure convergence (which implies convergence in probability).

The question arises what other norming sequences than % we could use and still
get convergence. It turns out that the answer is different for the two types of conver-
gence. For convergence in probability, the borderline case is the norming sequence \/%7:
\/iﬁ v (X; — EX;) does not converge to 0 in probability, but weakly to a normal
distribution. This was first proved by de Moivre for Bernoulli distributed random
variables [34]. We will show that this holds for U-statistics of dependent data in
Theorem 3.3.1 and for U-quantiles in Corollary 5.3.3.

For the almost sure convergence, the interesting borderline case with a nontrivial
limit behaviour is the norming sequence m. We obtain the following asymp-

totic behaviour:

1 n
lim sup + X, — EX;) =1
TP \/2 Var[X;|nloglogn Z( )

almost surely. This law of the iterated logarithm was originally established for partial
sums of independent and bounded random variables by Khintchine in 1927 [61] and
has been extended to dependent random variables by many authors. We will give a
version for U-statistics of dependent data in Theorem 3.3.3 and for U-quantiles in
Corollary 5.3.4.

As we want to investigate not only single U-quantiles, but also generalized lin-
ear statistics, we are interested in functional limit theorems. The empirical process
(\/iﬁ Yo (Lix,<iy — P(X; < 1)))iejo,1) converges weakly to a Brownian Bridge, as was
proved by Donsker [36], we will give a functional central limit theorem for the empiri-
cal U-process in Corollary 4.3.2 and for the empirical U-quantile process in Corollary
6.3.3. To prove this, we will establish an almost sure invariance principle for the em-
pirical U-process in Theorem 4.3.1, i.e. an almost sure approximation by a Gaussian
process, similar to the invariance principle Kiefer [60] gave for the empirical process.
Theorem 6.3.2 says that a strong invariance principle also holds for the empirical
U-quantile process.

The functional law of the iterated logarithm established by Finkelstein [41] says
that ((m S (Lixi<y — P(Xi < 1)))iefo.1))nen is almost surely a relatively
compact sequence of functions. As functional laws of the iterated logarithm hold for
Gaussian sequences, we will conclude that the functional law of the iterated logarithm
is valid for the empirical U-process (Corollary 4.3.3) and for the empirical U-quantile
process (Corollary 6.3.4).

16



2 Short Range Dependent Data

2.1 Measuring Dependence

Many classic results in probability theory like the central limit theorem or the law
of the iterated logarithm start with the assumption that (X,).en is a sequence of
independent and identically distributed random variables. In this thesis, we want
to avoid the condition of independence, but still assume that (X,,),en is stationary.
If the dependence is too strong, we cannot expect a similar limit behaviour. For
example, if X,, = X;, then X = %ZLI X; = Xy and the law of large numbers
fails. There are different methods to measure dependence and to define short range
dependence. For independent random variables X,,, X,, and all measurable sets A,
B, we have P(X,, € A, X,,, € B) — P(A)P(B) = 0. For dependent random variables,
this equality will not hold for all sets A, B. There are a bunch of so-called mixing
assumption (like strong mixing introduced by Rosenblatt [78], absolute regularity,
uniform mixing) which say that the this difference converges to 0 as |[n — m| — oo
(uniformly for all sets A and B in some sense).

On the other hand, under independence we have Cov(f(X,),9(X.,)) = 0 for all
functions f and g for which this covariance exists. Doukhan and Louhichi [39]
established a concept of weak dependence taking the maximum of the covariance
Cov(f(Xn),9(X,,)) for f and ¢ in some class of test functions. Many of the well-
known mixing coefficients can be rewritten as bounds for such covariances. A third
concept of measuring dependence uses the fact that many processes can be repre-
sented as functionals of underlying sequences of random variables, for example linear
processes or GARCH processes. If the underlying sequence (&,),en is independent
and X,, = f(§u—i, ..., &) is a function of a finite part of the underlying sequence,
then the process (X,,)nen is m-dependent. More general, if the sequence (&,)nen 1S
short range dependent and X,, can be approximated by a function of a finite part of
the underlying sequence, then (X,,),en is short range dependent. Such processes X,
are called approximating functionals of (£, ),en or near epoch dependent on (&,),en-

In this thesis, we will concentrate on the first concept (mixing) and on the third
concept (near epoch dependence) and the combination of them. Let us now introduce
the strong mixing coefficient:

17



2 Short Range Dependent Data

Definition 2.1.1. 1. Let A, B C F be two o-fields on the probability space
(Q, F, P). Then the strong mixing coefficient of A and B is given by

(A, B) = sup {|P(ANB) — P(A)P(B)|: Ac A, B e BY}.

2. Let (X,),cn be a stationary process. Then the strong mixing coefficients of
(Xn) are given by
a(k) =sup«a (ff,f;ik) ,

nelN

where F! is the o-field generated by random variables X,, ..., X}, and (X,,)
is called strongly mixing if (k) — 0 as k — 0.

nelN

Strong mixing in the sense of a-mixing is the weakest of the well-known strong
mixing conditions (see Bradley [20] and Doukhan [38] for details about all mixing
conditions) and it is a very common assumption and covers some examples, like
linear processes if some regularity condition on the density of the innovations hold, as
described in Withers [95]. If the innovations have a discrete distribution, the strong
mixing assumption might not hold, see Andrews [2]. Strong mixing also excludes
data from expanding dynamical systems with X,,.; = T (X,,) for a piecewise smooth
and expanding map 7" : [0,1] — [0, 1]:

Example 2.1.2. Let (Z,), o be independent r.v.’s with P[Z,, = 1] = P[Z, = 0] = }
and
=~ 1
Xo =) s
k=n

Then X, = 2X,, [mod 1] and (X,,), .y is not strong mixing, as

2(k—1)
1
Plxie |J [(2i-22"%2i-1)27", X, € [0, —}
=1 2
" 1 111 1
. —k . —k . -
~P|Xie ] [(2i-2)27 (2i - 1)27%] P{Xke {OGH =>-55=7

=1

For this reason, we will study sequences which are near epoch dependent on ab-
solutely regular processes. Absolute regularity was introduced by Volkonskii and
Rozanov [91], [92].

Definition 2.1.3. 1. Let A,B C F be two o-fields on the probability space
(Q, F, P). The absolute regularity coefficient of A and B is given by

B(A,B) = Ei‘éﬁ |P(A[B) — P(A)].

18



2.1 Measuring Dependence

2. Let (X5),en
of (X,),en are given by

be a stationary process. Then the absolute regularity coefficients

B(k) = sup B (F1', Fisy) »

nelN

and (X,), o is called absolutely regular, if 5(k) — 0 as k — oo.

For all A € F{', B € F;3,, we have that

|P(ANB)=P(A)P(B)| < 5 (|[P(AN B) = P(A)P(B)| + |P(AN BY) — P(A)P(B°)|)

DN | —

B % (|P(A|B) — P(A)|P(B) + |P(A|B°) — P(A)|P(B))

= JEIP(Als({BY)) ~ P(A)| < 3B swp |P(Alo({B})) — P(4)| < 55(H)
AEF"

so that a(k) < 18(k) (absolute regularity implies strong mixing). But we will not
study absolutely regular sequences themself, but near epoch dependent functionals:

Definition 2.1.4. Let ((X,, Z,)),cz be a stationary process. We say that (X,,), .y
is L' near epoch dependent on the process (Z,)n,cz with approximation constants

(ar)ien, if
E|X: - EXi|¢")|<a 1=0,1,2...

where lim;_,, a; = 0 and Ql_l is the o-field generated by Z_;,..., Z;.

Near epoch dependent processes are often called approximating functionals, for
example in Borovkova et al [18]. In the literature one often finds L? near epoch
dependence (where the L' norm in the definition is replaced by the L? norm), but
this requires second moments and we are interested in robust estimation. So we
want to allow heavier tails and consider L! near epoch dependence. Furthermore, we
do not require that the underlying process is independent, it only has to be weakly
dependent in the sense of absolute regularity. ARMA and GARCH processes are
near epoch dependent, see Hansen [46]. GARCH processes play an important role
in financial mathematics, they are used to model volatility clustering in financial
data. The simplest GARCH model is the following: Let (£,)n,ew be a sequence of
independent standard normal random variables and X,, = 0,§,, where (0, ),en is a
random sequence with 02 = ap + a; X2 | + ap0?_;.

Linear process are near epoch dependent, regardless if the innovations have a den-
sity or not. However, for later application, we will need the random variables (X,,)en
to have a density and it is not clear that this holds for discrete innovations. But in
many examples, the density exists. Solomyak [87] proved that if (Z,),en are indepen-
dent identically distributed and take the values 1, —1, then for almost all A\ € (%, 1),
the distribution of Y7  A"Z, has a density.

19



2 Short Range Dependent Data

This class of near epoch dependent sequences also covers data from dynamical
systems, which are deterministic except for the initial value and not covered by strong
mixing or near epoch dependence on an independent sequence. Let 7" : [0, 1] — [0, 1]
be a piecewise smooth and expanding map such that infyc(o 1) |7” (x)| > 1. Then there
is a stationary process (Xy,),y such that X, = T (X,,) which can be represented
as a functional of an absolutely regular process, for details see Hofbauer and Keller

[52]. The map T (z) = + — [ 1] is related to the continued fraction

1
Z, + L

1
Zn+1+ Tt

Xn=1F ((Zn+k)k61N) -

where (Z,),.n is a stationary, absolutely regular process (even uniformly mixing,
see Billingsley [16], p. 50) taking values in IN if the distribution of Xy is the Gauss
measure given by the density f (z) = @1% (Note that this map 7" is not uniformly
expanding).

The conditional expectation E(X;|G',) is not easy to deal with. Borovkova et
al. [18] gave the following characterization of near epoch dependence: By our as-

sumption, X, = E(X,|G>,) almost surely, so we can write X,, = f((Z,1x)kez)-

Lemma 2.1.5. [Borovkova et al. [18]] Let (Z,)nez be a stationary process and X, =
F(Znir)kez)-

1. Let (X,)nen be near epoch dependent on (Z,,)nez with approximation constants
(an)nelN and (ZT,I)TLEZ be a copy Of (Zn)neZ such that Zfl = Z/_hZfl+1 =
Z s Zy =7, then for X = f((Z), . ;)ken)

E|Xo — X}| < 2.

2. If for all copies of (Zn)nez with Z_y = Z' |, Z 41 = Z' 1 \,..., 2 = Z] we
have E|Xo — X{| < a;, then (X,)nen is near epoch dependent on (Zy)nez with
approximation constants (an)nen-

In our proofs, we will investigate not the near epoch dependent process (X,,)nen
itself, but some function (¢(X,))nen. For general g, it is not clear that the near epoch
dependence holds for this transformed process, we will need an additional continuity
condition to guarantee near epoch dependence.

Definition 2.1.6. Let (X,),., be a stationary process. A function g : R — R
satisfies the variation condition (with respect to the distribution of X;), if there is a
constant L such that

E| sup |g(v)—g(Xo)|| < Le.

llz—Xoll<e

20



2.1 Measuring Dependence

This condition was introduced by Denker and Keller [35] and is slightly different
from the continuity condition used by Borovkova et al. [18]. Note that the variation
of g might hold for one distribution, but not for a different one. Now we can give
conditions for the near epoch dependence of (¢g(X,,))nen similar to Proposition 2.11
of Borovkova et al. [18]:

Lemma 2.1.7. Let (X,,),cn be L' near epoch dependent on the process (Z,)nez with
approximation constants (a;)iew and g satisfy the variation condition with constant

L.

1. If E|g(X1)]*? < oo, then (9(X,))new is near epoch dependent on (Z,)nez with
approrimation constants

)

= (L+ 275 [|g(X0)l|ss)af™

2. If g(X1) is bounded, then (g(X,))new is near epoch dependent on (Z,)nez with
approximation constants

= (L + 4] g(X1)lo0)a?

Proof. 1. Let (Z!),ez be a copy of (Z,)nez as in Lemma 2.1. 5 then E|Xo—X{| < 2q

and by the Markov inequality P(|X, — X{| > al”%) < 2al“2‘5. So by the variation
condition and by the Hélder inequality

E|g(Xo) — 9(Xp)]
=Eg(Xo) — g(X))|1 o+ Elg(Xo) — g(Xp)|1

5
{IXo—Xp|<a1F23} {IXo—Xp[>a1F23}

<La™% + 2|[g(X1)[|11s(P(|Xo — Xf| > a77))75
1425 s
<(L 42750 [[g(X1)[l146)a; ™
and the statement follows with Lemma 2.1.5.
2. With X as above, we have by the Markov inequality P(| X, — X{| > /a;) < 2\/a;.
So by the variation condition

Elg(Xo) — 9(Xp)|
=FE|g(Xo) — 9(X0)[L{1x0-x5<vary + £19(Xo) — 9(Xo) L {1x0-x4/> var)
<Lv/a; + 2[|g(X1) ||l (P(| X0 — Xg| > Var))
<(L +4[|g(X1)|lo0)a?

and the statement follows with Lemma 2.1.5. ]
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2 Short Range Dependent Data

2.2 Covariance Inequalities

An important tool in the analysis of weakly dependent random variables are covari-
ance inequalities. We can write a(n) = sup |E [Y1Ys] — E'[Y1] E [Y2]|, where Y and Y5
random variables such that Y; is measurable with respect to FF and Y, with respect
to Fi, and take only the values 0 and 1. For more general random variables, we
have

Lemma 2.2.1. [Davydov [25]] Let be Yy and Ys random variables such that Yy is
measurable with respect to F¥ and Yy with respect to Fis, for some k € N, then

EYYs] - B[V E[Yil] < 10[¥i]],, [1Yall,, a7 (n)

for all p1,p2,ps € [1, ] wzth + + = =1.

In this inequality, the case p; = oo is included and should be understood as é = 0.
For a stationary and strongly mixing sequence (X,,),en, this inequality is useful to
[
find bounds for the variance. Assume that [|X[lo4s < 00 and Yo a2 (k) < oo,
then

n

Var[X] = Var[— ZXZ " i Cov]X;, Xj]

ij=1
2 e~ .
2 — k) Cov[X,o, X V (X < — az (k)| X
Zn OV 0 k]-f— ar 1_nkz:: | 1||2+6
By dominated convergence, one obtains
n—1
Var[v/nX] 22> Var X, + 2 Z Cov[ Xy, X
k=1

For treating stochastic processes, fourth moment bounds are a common tool. As a
immediate consequence of Lemma 2.2.1 we have the following inequality, which will
help us with higher moments:

Lemma 2.2.2. Let (X,), oy
ables, then fori1 < j <k <l

be a stationary strongly mizing sequence of random vari-

|E[X:X; X6 Xa] — E[X] B [X; XX < 10(]XG], 1XXeXall, am (j — i)
and
B XXX Xo] — E[XXG] E X X < 10[[XX, ([ XeXall, aws (k — j)

for all p1,p2,ps € [1, 0] wu‘h —i— —|— =1.
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2.2 Covariance Inequalities

With easy calculations or as a special case of Theorem 2 of Yokoyama [97], a fourth
moment inequality follows

Lemma 2.2.3. [Yokoyama [97]] Let (X, )new be a strongly mizing and bounded se-
quence with Y-, ka(k) < oo, then there exists a constant C' such that

n 4
E (Z Xi> < Cn?.
=1

For near epoch dependent sequences, Borovkova et al. [18] proved similar covariance
inequalities and derived moment bounds:

Lemma 2.2.4. [Borovkova et al. [18]] Let (X,,), .y be a near epoch dependent se-
quence with approzimation constants (a;),cy on an absolutely regular process (Z,)
and || Xo||,, 5 < 00 for some & € (0,00]. Then

neZ

)
k75 215 s
B EXXe] = (BX) (BXen)] <2155 (5 (151)) ™ + a1l ot

Lemma 2.2.5. [Borovkova et al. [18]] Let (Xy,), s,
dent sequence with approvimation constants (a;),cy on an absolutely regular process
(Zn)pez- Then

be a bounded near epoch depen-

|E[X:X; X, X)] — E[X;] E[X;X,X)]|

_0
2 ]_Z e 1+6 6
< | 6l Xolloss { £ { 5 +8([Xoll2i5a 1Xol12,

|E [ X;X; X, X)] — F XX E [ X X)]|

5
k —j 2465 +6 )
< (6 ol (5 (1552)) 7 sl o, ) Xl

Lemma 2.2.6. [Borovkova et al. [18]] Let (Xy), o, be a bounded near epoch depen-
dent sequence with approvimation constants (a;),cy on an absolutely regular process
(Zn)pez- Assume that 30 k*(a, + B(k)) < oo, then

OJ

and
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2 Short Range Dependent Data

2.3 Coupling

A very powerful tool for proving limit theorems for dependent data are coupling tech-
niques, especially if one deals with nonlinear functionals (where usual covariances are
not enough). The idea is to replace the dependent random variabls by independent
random variables with the smallest error possible. Berkes and Philipp [14] and [15]
introduced this kind of approximation by independent random variables. The mixing
assumption of absolute regularity is very suitable for establishing such an approxi-
mation, as Berbee [13| noticed.

Lemma 2.3.1. [Berbee [13]] Let Y be a random wvariable taking values in R¢ and
A C F ao-field. Suppose that on the probability space (0, F, P) there exist a random
variable U which is uniformly distributed on [0,1] and independent of the o-field
generated by Y and A. Then there exist a random variable Y' such that

1. the random wvariables Y and Y' have the same distribution,
2. Y’ is independent of the o-field A,
5. P(Y #Y') = B(o(Y), A).

We will only give a brief sketch of the proof, following the arguments of Bryc
[21]. Suppose that Y has a finite support ty,...,t, and the o-field A is generated
by a random variable X. Omne can construct a random variable Y’ with the same
distribution as Y and

PIY =Y = t|X] = min {P[Y = t;|X], P[Y = t,]}
PlY' =t]X]=P[Y =t].

Then Y’ is independent of X and

P[Y%Y’|X]:1—§:P[Y:Y’:ti1X]

= 1—imin{P[thﬂX]’P[Y:ti]}

= (PIY =t] —min {P[Y = t|X], P[Y = t]})
_ S (P]Y =] — P[Y = ;| X))
i: P[Y=t;]>P[Y =t;| X]

= sup |PYeA-PlY e AX]
AC{t1,es tn}
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2.3 Coupling

and by iterated expectation
PIY #Y'l=E[P[Y # Y'|X]]

=F sup |P[Y €A —-P[Y e AX]|| =8(X,Y).
AC{t1,...,tn}

For the proof the general Theorem, one has to approximate random variables by
discrete ones. Such a coupling is impossible under strong mixing, as can be seen
e.g. from the results of Dehling [27]. Bradley [19], however, was able to establish
a weaker type of coupling for strongly mixing random variables, using the fact that
absolute regularity coefficient and the strong mixing coefficient are equivalent for
random variables taking their values in a finite set and approximating general random

variables by such discrete ones. We will use a later version of this coupling by Rio
[77]:

Lemma 2.3.2. [Rio [77]] Let Y be a bounded, real-valued random variable and A C F
a o-field. Suppose that on the probability space (0, F, P) there exist a random variable
U which is uniformly distributed on [0, 1] and independent of the o-field generated by
Y and A. Then there exist a random variable Y' such that

1. the random variables Y and Y' have the same distribution,
2. Y’ is independent of the o-field A,
5. BIY — V| < 4| |ear(o(Y), A).

Unlike Berbee’s theorem for absolute regularity, this lemma under strong mixing
does not give equality with high probability, Y and Y are only close in L! distance.
This will force us to impose additional continuity conditions on a kernel g when we
investigate U-statistics later. If the random variables are not bounded, we will need
the following coupling lemma:

Lemma 2.3.3. Let Y be a real-valued random variable with E|Y|? for a p > 0 and
A C F a o-field. Suppose that on the probability space (S, F, P) there exist two
independent random variables Uy, Uy which are uniformly distributed on [0,1] and
independent of the o-field generated by Y and A. Then there exist a random variable
Y" such that for every e > 0

1. the random variables Y and Y’ have the same distribution,

2. Y’ is independent of the o-field A,

I

+‘b

P(e(Y),A)

3. PIY — Y| > ¢) < 6l¥le"a

el

i
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2 Short Range Dependent Data

Proof. Let B = HYH,'Feﬁofﬁ(a(Y),A) and Yp = Y1jy<p. Then there is a
Y}, independent of A with the same distribution as Yp such that E|Yp — Y}| <
4Ba(o(Yp), A) < 4Ba(o(Y),.A) and by the Markov inequality P(|Yps — Y;| > ¢€) <

4w. Furthermore, there exists a random variable Y with the same distribu-

tion as Y — Yp, independent of Y, Y}, and A. We set
v {Y]; ifYé;«éO’
Y” iYL =0
so that Y” =Y’ — Y}, and Y’ is independent of A. Then
P(Y =Y'| =€) < P(|Yp — Yg| = €) + P(IY| > B) + P(]Y'| > B)

L BoloA) IVl _ (VI (o). A)
€ Br €T+p

]

Such coupling results exists also for near epoch dependent sequences, developed by
Borovkova et al. [18], using the approximation of near epoch dependent sequences by
functions of a finite part of the underlying process and the coupling under absolute
regularity.

Lemma 2.3.4. [Borovkova et al. [18]] Let (X,)nen be a near epoch dependent se-
quence with approzimation constants (ay)geny on an absolutely reqular process (Zy)nez

with mizing coefficients (B(k))ren. Given an integer m, there exist random sequences
(X )nens (X! )nen, such that

1. (X))nens (X!)nen have the same distribution as (X,)nen,
2. (X! )nen is independent of (X! )nen,

b [sz X — Xi| > AL%J] <A +6(1%)),

b PSRN = X0 > Ay | < Ay,

where

26



3 U-Statistics

3.1 Definition and Applications

U-statistics are a class of nonlinear statistics and can be described as generalized
means and were introduced independently in the second half of the 1940s by Halmos
[45] and Hoeffding [49]. Van Mises [68] investigated the similar statistics named after
him. Many sample statistics can be written as a U-statistic, at least asymptotically,
e.g. the sample variance or the Cramer-von Mises-statistic. For an overview on U-
staistics, we recommend the book of Koroljuk and Borovsikich [62]. For simplicity of
notation, we concentrate on the case of bivariate U-statistics.

Definition 3.1.1. Let g : R? — R be a measurable and symmetric function.

2

Un(g)zm

> (X X;).

1<i<j<n
is called U-statistic with kernel g.

If (X,)nen is a sequence of independently identically distributed random vari-
ables, U,(g) is an unbiased estimator for 6 := FE[g(X;, X5)]. If we investigate the
model of independently distributed random variables with an arbitrary density, then
U.(g) is a uniformly minimum variance unbiased estimator. In this case, the order
statistics X(1y,..., X(n) (the ordered sample with Xy < X < ... < X, and
Xy, -, X} = {X1,..., X, }) is sufficient and complete. Hence the expection

conditionalized on the order statistic has uniformly the lowest variance.
Let us now give some examples:

Example 3.1.2 (Sample Mean). Let g (z,y) = 3 (z +y). Then § = EX; and the
related U-statistic is the sample mean:
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3 U-Statistics

Example 3.1.3 (Sample Variance). Let g (z,y) = 5 (z — y)?. Tt follows that

—_

6= SE[X} - 2X, X, + X3]
= % (Var [(X1] + E?[X1] + Var [Xo] + E? [X,] — 2E[X{]| E [XQ]) = Var [X4].

The related U-statistic is then the well-known sample variance:

Un (9) :m Z (Xi—Xj)QZﬁZZ(Xi—Xj)Q

1<i<j<n i=1 j=1
1 n B n 1 n _
= —— (;XE—X;XZ) :n—1;(Xi_X) .

Example 3.1.4 (Gini’s mean difference). Let g (x,y) = |z —y|. Then the corre-
sponding U-statistic is

2
Unlg) = —— > |1Xi—Xj,

n(n —1) 1<i<j<n

known as Gini’s mean difference, which is an estimator of scale which does not require
second moments.

Example 3.1.5 (Cramer-von Mises-statistic). Let

1
g(z.y)= /0 (Lozty — t) (Lgy<py — t) dt.

This leads to the following U-statistic:

Un(g) = m (ZZ/@ (Lix,<y — ) (Tgxy<ey — t) dt — Z;g (Xi,Xi)>

i=1 j=1

- ) (o= e g S

n 1 =
= v, — X, X) .
n—1 n(n—l);g( )

V,, is called Cramer-von Mises-statistic and can be used for testing the hypothesis
that X, has a uniform distribution on [0, 1] as an alternative to the Kolmogorow-
Smirnoff-statistic K, := sup;c(o 1) [F7 (t) — t| (also called discrepancy).
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3.1 Definition and Applications

Example 3.1.6 (x* goodness of fit test). Let (X,), oy
that X; can take only the values ty,...,t;. Furthermore, let be py,...,pr > 0 with

>, pi=1and

be a stationary process such

k
1
g(z,y) = Z - (]l{m:ti} - pi) (]]-{y:ti} - pi) .

i=1
x? is used for testing the hypothesis that P [X; =t;] =p; for [ =1,... k.

The limit behaviour of partial sums is well understood for indepenedent data as
well as for many types of dependent sequences. As U-statistics have a more complex

structure, the key tool in the investigation of U-statistics is their approximation by
a linear part, the so-called Hoeffding-decomposition [49]:

Definition 3.1.7. We can write

n

Un (9) = 9+%Z!Jl (Xi)+ﬁ Z 92 (Xi, Xj)
where
0:=FEg(X,Y)
gi(z) :==g(x,Y) -0
92(7,y) = g(z,y) — g1(x) — g1 (y) — ¢

for some independent copies of X,Y of X;. %Z?:l g1 (X;) is called linear part and
Un(g2) = ﬁ Y i<icj<n 92 (Xi, X;) degenerate part of the U-statistic U, (g).

It might be surprising that this decomposition is helpful, because we have to deal
with the degenerate part U,(g2), which is a U-statistic itself. But it has the special
degeneracy property: For independent data, we have that

(X1, Xo) — 0 — g1 (X1) — 91 (Xa)| X3
(X1, Xo) [Xo] =0 — Eg1 (X1)] — 91 (X2)
= g1 (X2) = Elg1 (X1)] — 91 (X2) = —E[g91 (X1)] = 0.

Elg2 (X1, Xo) | Xo] = Eg
g
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3 U-Statistics

It follows that the summands of U, (gs) are uncorrelated, as for three different indices
i, 7,k

E [ga (Xi, Xj) g2 (X, Xi)]

E[E g2 (Xi, X;) g2 (X5, Xi) | X5, Xi]]
E[E g2 (X3, X;) | X;] g2 (X, X))
0= E[g2 (Xi, X;)] £ g2 (X;, X)) -

El
Bl

So we have that Var|[U,(g2)] = m D i<ici<n Varg(Xi, X;) = O(n=?). Unfortu-
nately, the summands of the degenerate part U,(g2) can be correlated for dependent
data. Yoshihara |98] established generalized covariance inequalities under absolutely
regularity and concluded that the variance of U,(g2) is still decreasing fast enough.
Such inequalities can be proved with the help of coupling techniques, where depen-
dent random variables are replaced by independent ones. The independent random
variables are close to the original ones with high probablity. As we want to con-
clude that the values of the kernel g, are not changed much, we have to introduce a
continuity property, proposed by Denker and Keller [35]:

Definition 3.1.8. A kernel g satisfies the variation condition if there exists constant
L and ¢, > 0, such that for all € € (0, ¢)

E sup g (z,y) —g (X, Y)[] < Le,
H(x7y)_(X7Y)H§€
where X Y are independent with the same distribution as X; and ||-|| denotes the
Euclidean norm.

This condition could be described as Lipschitz-continuity in mean. To investigate
quantiles, we will have to deal with indicator functions in Chapters 4 to 6, but we
will see that the variation condition also holds in these cases. Let us now have a look
at the examples above:

Example 3.1.9 (Sample Mean). The kernel g (z,y) = 3 (z + y) satisfies the variation
condition as it is Lipschitz-continuous.

Example 3.1.10 (Sample Variance). Let g (z,y) = 5 (v — y)?. Then

E sup ‘g(l’,y)—g<X,Y)’

l[(zy)=(X,Y)[[<e

- s SOV [((z—y) = (X =Y)((z —y) + (X =Y))|

=F sup ((x—X)+y-Y)(x+X—-—y—=Y)| <edE|X|+ 2,
[I(z,y)—(X,Y)[|<e

1
2

so the variation condition holds as long as X has finite first moment, which is a mild
assumption for a variance estimator.

30



3.1 Definition and Applications

Example 3.1.11 (Gini’s mean difference). The kernel g (z,y) = |z — y| is Lipschitz-
continuous, therefore it satisfies the variation condition.

Example 3.1.12 (Cramer-von Mises-statistic). Let

1
g(z,y) = / (Lo — 1) (Lgy<yy — 1) dt.
0

Then
sup \g(x,y)—g(X,Yﬂ
[l (z,9)—(X,Y)||<e
1
< sup / (Le<ty — ]l{th})]l{ygt}dt'
ll(z,9)—(X,Y)lI<e |0

+ sup
l[(z,y)—(X,Y)||<e

1 1
< sup / o<ty — Lix<p|dt + sup / [Ly<ty — Ly <pyldt
ll(zy)—(X,Y)[<e JO [(z,y)—(X,Y)[|<e JO

1
/ Tix<ny(Tgy<sy — ]1{Y<t})dt‘
0

< sup |r—X|+ sup |y—Y|=2e
Il (zy)— (XY ll(zy)— (XY

so the variation condition holds.

Example 3.1.13 (x? goodness of fit test). Let (X,,), . be a stationary process such
that X; can take only the values ty,...,f;. Furthermore, let be py,...,pr > 0 with

Yo pi=1and

k

g(w,y)zz

=1

| —

(Lamry = 2i) (Lgy=tiy — 1s) -

7

S

If e < min {[t; — ¢;]

i,j €1...,k}, then

sup lg (z,y) —g(X,Y)| =0,
(@)~ (X, V)| <e

so the variation condition holds.

We will need the variation conditions for the function g; of the linear part and of
the kernel go of the degenerate part. As this two functions are unknown in many
applications, we check the variation condition for g and then use the following:

Lemma 3.1.14. Let the variation condition hold for a kernel g.

1. The variation condition also holds for g,.
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3 U-Statistics

2. The variation condition also holds for gs.

Proof. 1. Recall that ¢, (x) = E'[g (z, X1)] — 0, so

E sup 91 (z) — g1 (27)]
l(w)—(XY)l<e, (@9 —(X.Y)]|<e
=E sup |Eg(2,Y)] = Elg(2",Y)]]
le—X|<e, |2/~ X|<e

SE sup E |g (CL’, Y) - 4g (l’l, Y)l

lo—X|<e, |2/~ X]|<e

<FE sup g (x,Y) _g($,7y)|

le—X|<e, 2/~ X]|<e

< Le.

<E sup lg(z,y) —g (", y)]
@) —(XY)|<e, (@ 9/)—(X.Y) ]| <e

2. The set of kernels satisfying the variation condition is obviously a vector space.
As g9 (z,y) = g (z,y) — g1 () — g1 (y) — 0, the condition follows directly from part 1.
of this lemma. O

3.2 Generalized Covariance and Moment
Inequalities

To show in the dependent case that the degenerate part of a U-statistic is negligible,
we need bounds for the covariance. To establish covariance inequalities, we can use
coupling techniques. Assume that g is a bounded kernel (then g, is also bounded by
some constant C') and that (X,)nen is an absolutely regular process. For i < j <
k <1, choose with Lemma 2.3.1 a random variable X with the same distribution as
X, independent of X, X, X, such that P (X; # X/) < 8(j — ). Then
Eg2 (X}, X;) g2 (X, X0)] = E[E [g2 (X, X;) g2 (Xi, Xi) [ X5, X, Xi]]

= E[E g (X}, X;) 1X;] g2 (X, X))

= 0= Eg2 (X, Xj)] E [g2 (X, Xi)]
as the distribution of X; does not change conditionalized on X;, X;, Xj. Additionally,
we have

|E (g2 (X7, X;) g2 (X, X0)] — E[g2 (X, X;) g2 (X, Xi)]]
<20P(X; # X[) =2CB(j —1)
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3.2 Generalized Covariance and Moment Inequalities

and arrive at
|E (92 (X{, X;) g2 (Xi, X0)]| <2CP (X; # X]) =2CB(j — ).

If the kernel ¢ is not bounded, we need some restriction on the moments. For inde-
pendent data, second moments of the kernel are required, but in the dependent case,
one needs slightly more:

Definition 3.2.1. Let (X,),cn
(2 + d)-moments if for all k£ € Ny

be a stationary process. A kernel g has uniform

E|g ()(717)<k’)‘2+(S S M?
Elg(X,Y)"" < M,
where X, Y are independent copies of Xj.

If g has uniform (2 + §)-moments, then
Elg(X1)P** = E|E[g(X,Y)[Y] = Bg(X,Y)]P** < 2°7°M

and as g is defined as go(x,y) = g(x,y) — g1(x) — g2(y) — 0, also the degenerate kernel
g2 has uniform (2 4 §)-moments. Now by the arguments above and some trimming
method, we arrive at the the following lemma:

Lemma 3.2.2. [Yoshihara [98]] Assume that (X,), o s an absolutely regular process.
Let m = max {i(g) — i(l), i(4) — i(g)}, where {il, iQ, ig, i4} = {i(l), i(g), i(g), i(4)} and
i) S i) SiE) S )

1. If g 1s a bounded kernel, then there is a constant C' such that

|E (92 (X4, Xiy) g2 (Xi, Xi,)]| < CB(m).

2. If g is a kernel with uniform (2 4+ §)-moments for a § > 0, then there is a
constant C' such that

B (g2 (Xiy, Xip) g2 (Xiy, Xu,)]| < CBT (m).

17

Using the coupling technique for strongly mixing data, we can prove similar in-
equalities:

A

Lemma 3.2.3. Assume thal (X,),cy 5 a strongly mizing sequence with E|X,|P
oo for a p > 0 and that the kernel g satisfies the variation condition. Let m
max {i(g) — i(l), i(4) — i(g)}, where {il, ig, i3, i4} = {i(l),i(g), i(3),i(4)} and i(l) § i(g)
i) < -

IA
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3 U-Statistics

1. If g 1s a bounded kernel, then there is a constant C' such that

|E (92 (Xiy, Xiy) 92 (Xiy, Xi,)]| < Ca?¥ (m).

2. If g is a kernel with uniform (2 4+ &)-moments for a 6 > 0, then there is a
constant C' such that
B9z (Xiy, Xia) g2 (X, Xi,)]| < Camnstionss (m).

119 139

Proof. 1. For simplicity, we consider only the case i1 < iy < i3 < i4 and i9—1; > i4—13.
After enlarging the probability space if necessary, we can assume that there exists a
random variable with an uniform distribution on [0, 1] and independent of (X,,), .-
With Lemma 2.3.3, choose a random variable X independent of X;,, X;,, X;, with
the same distribution as X;, and

fE e
PlIx, - x| 2 < sl Tlearrim)

€1l+p

As ¢o is a degenerate kernel, we have

7,17 139 217 139

=E [E [g2 (X}, Xi,) | Xis] 92 (Xiy, Xi,)] = 0.

11?

E 92 (X1, X)) 92 (Xig, X)) = E[E [g2 (X[, X)) 92 (Xig, Xi) | Xy Xiy, Xy ]

If g5 is bounded by M and satisfies the variation condition with constant L (which
holds by our assumptions and Lemma 3.1.14), then by the variation condition for
every €

Xirs Xiy) g2 (Xiy, X3,

XH?X >g2(X137X )] E[QQ (szX )gQ(Xlst )”
[(92 (XZNX ) (X/ Xi )) (XZ37X )H

<M (|B [(92 (X, Xi2) = 92 (X, X)), 3,201

217
+ ’E |:(g2 X117X ) g2 (leuX ))]1{\Xil—Xf |<e}i| D

|
&
)
)
—~

X157 a7 (m)
<2MPP [|X;, — X | > €] + LeM = 12M° ; + LeM.
€l+p
Setting € = || X1]|, it a (m) %1, we arrive at

1B [g2 (X, Xi) g2 (X, Xo)]| < (12002 4+ LM)||X, |75 05 ().

119 139
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3.2 Generalized Covariance and Moment Inequalities

2. Let € > 0, K > 0 and define:

g2 (z,y) if [g2 (z,y)| < VK
gox (x,y) =4 VK if go (z,y) > VK
—VE  if g (z,y) < —VK

Obviously, g2 i satisfies the variation condition with the same constant L as go.
Let X] be a random variable as above independent of Xj;,, X;,, X;, with

139

Pl|X, - X | > < X X157 a7 (m)
21 1] = — P .

€l+p

As gy is a degenerate kernel, we have

E [g2 (X}, Xiz) 92 (Xig, Xi))] = 0.

7179 139

Therefore, we get:

1B (g2 (Xiy, Xiy) g2 (Xiy, X3,
‘E[g2 i1y ) (XZCHX )] E[ (XH’X ) (XlgaX )H
=|E [(92 (X, z(X-UXi)) 2 (Xi, Xi)]|
|:|(92K 117 — U2,k (X“,X ))92,K (Xl:w 14 -Xi |< }i|

+E[|(g2,K (X, Xiy) — G2,k (X“;X ))92,1( iz X, _ i1|>6}}

+E[|92,K (XH’X ),QQ,K (X137X ) (XZUX ) (XZ37X )H
+ E[|go. (XL, Xi,) 92,5 (Xig, Xiy) — 92 (X[, Xiz) 92 (Xig, Xi)|] -

i1

Because of the variation condition and [gs i (X35, X4)| < VK, the first summand is
smaller than Lev/K. In consequence of Lemma 2.3.1, the second term is bounded by
X 1+p
Pl|x, - x.| > d 2k < 12] ll” ot im)
c€l+p
Let the (2 + §)-moments of g5 be uniformly bounded by M. For the third summand,
we get:

EHg?,K (X“,X )92,[( (Xls’X ) (Xlle ) (Xls’X )H
B | (12 (X Xe)| = VE) lg2 (Xigs X L g (1,0, Vo (0 0| <V

+E[|gz( i )I(\gz( zg,Xm)l—\/E) ]l{|g2(xi1,xb)|g\/§,|g2(XiS,Xi4)|>ﬁ}:
+ B | (I (X1, Xi) | = VE) (lg2 (X1, X2,) | - VE)

Lo (3,.30) [5VE 2 (X130, ) [>VEY
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3 U-Statistics

E [(|g2 (Xiy, Xip)| = \/_> \/_]l{|gz( 2)|>‘/F}}
+F [ |92 (Xig, Xiy)| — \/_) \/?]1{\92(&37)@'4””/?}}

% [(\gz(XmX)l \/E>2]l{|gg(xil,xiz)|>ﬁ}}
+5E [(WXZS’X)' @)Zlﬂgz(xm)hm}

1
E (X“,Xzz)]1{|92(X1_17Xi2)|>\/g}} +§E [92 <X7,37X )]l{|gz(Xi3,Xi4)|>\/E}}

1B g2 (Xiy, Xi)IP7 1B g2 (Xip, Xi)[P M
S - 5 + - 5 S .
2 K3 2 K2 K

N —

N[

After treating the fourth summand in the same way, we totally get

1B g2 (Xi, Xi) g2 (Xig, XG, )|

11

5 s M
< LeVE 4+ 1l e m) o M K,
€T+p K2

Setting € = || X, ||2”+1 (m) T K‘ff’%, we obtain:
am)y B ¢ oM

s
2

P K) = (L +12) | X, 7

TR
With KO = || X4, > « (m)_2ﬂ5+§i3p+2, we get the bound:

[E g2 (Xiy, Xi) g2 (Xig, X, )|

[
< £ (K%)= (L + 12 + 2M)|| X, | F 77 qmrbine (m).

]

The next lemma is very similar to the generalized covariance inequality given by

Borovkova et al. [18], but with a different continuity condition.

Lemma 3.2.4. Let (Xy,), o be near epoch dependent on an absolutely regular process

(Z,,) with constants a;. Define A, = /2> .~ a; and B(j) as the mizing coefficient
of (Z,). Let g satisfy the variation condition.

1. If g is bounded, then there exists a constant C, such that

1B g2 (Xiy, Xia) 92 (Xig, Xi)]| < OB (15)) + C AL,

119
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3.2 Generalized Covariance and Moment Inequalities

2. If g has uniform (2 + 0)-moments, then there exists a constant C, such that

6

112 (X X) g2 (Xep, X)]| < 5757 (1 5]) + CAR,

Proof. 1. For simplicity, we consider only the case 0 = 7; < iy < i3 < iy and
m =iy — iy > ig —i3. With Lemma 2.3.4, there exist sequences (X)), ., and (X))
with the same distribution as (Xy,), ., such that

nez

L. (X)), ez is independent of (X,,)

nez’

2 P[5, 1% = XI| > Apny| < A+ 8(12)),

By the degeneracy of go, we have that go (XZ’; , Xi, ) 9 (Xis, Xi,) = 0 and by construc-

tion

E[ (XZUX) (X137X )] E[ (X, Xz/) (X, Xzé;)]'

11? 137

With the triangular inequality it follows that

|E 192 (Xiy, Xiy) g2 (Xig, Xi,)]|

:}E [92 lel’X/) (les’X/ )}_E[ (X X) <X137X >”
/ X/>

< 9o (X1 X0 g2 (X XL) — g (X0 X2 g2 (X0, X))
+‘E[92(X

137 217 237
117

Xiy) g2 (X0, X01) — 92 (X!, Xiy) 92 (X4, X3,)] -

137 117

In order to keep this proof short, we treat only the first summand. As g is bounded
and satisfies the variation condition, ¢go is bounded by some M and the variation
condition holds with constant L, then by the variation condition and the coupling as
in Lemma 2.3.4

<M (‘E [ 92 (X7}, Xiz) — g2 (XélaXiz))]lﬂxgg—xgl|3AL%J,\X1-2—X;2\§AL%J}}’

+)E (92 (Xis, Xa) = g2 (X, X)Ly s 1< 1%, 12403 |)
<OMPP[|X;, — XU| > Ajp )| +2M°P [|X,, — X, > App| + Lv2A12 M
<(4M?+V2LM) (B <L%J> +Apmy).

B (92 (X7, XE,) = 92 (X7, X)) 92 (X7, X, )|
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3 U-Statistics

such that (X)), is indepen-

2. As above, choose sequences (X)), ., and (X)), .,
dent of (X,),,c, with
= ] m
PN I = XI| > Ay | < Ay +8(15])
P Z ‘X’_l — le| > AL%J < AL%J‘
i=0 |
Then
|E[92 (XZI’X ) (Xle )”
X3,) 92 (X3, Xi) — 92 (X0, Xa) g2 (X, X0
X!, Xi,) 92 (Xig, X)) | -

S ‘E [92 (lela
+’E [92 XZ1’X ) (XZ,:NX,)_QQ( 117
We will again concentrate on the first summand. As in the proof of Lemma 3.2.3

g2 (z,y) if |g2 (z,y)| < VK
Go.x (T,y) = { VK if gy (2, y) > VK
—VK  ifgy(z,y) < VK
It is clear that go i satisfies the variation condition with the same constant L as g,
(which satisfies the variation condition because of Lemma 3.1.14). We get that
Xi X))

part 2., define

}E [92 XZNX/ )92 (X@IS;X/ ) — 92 (XZ/;,X/ )92 ( i3s
=B [(92 (X3, X7,) — 92 (X7, XG,)) 0 (X7, X0 |
<E H (92,1{ (X“,X/ ) — 92K (XZ,X/ )) 92,K (XZIB,X/ )H
+ E HQQ,K (XZ1’X )QQ,K (Xls’X, ) — 9 (Xlll’X/ ) (Xl/S’X/ )H
+ B [[g2.0c (X7, X3,) 9. (X, Xi,) = 90 (X7, XG,) 02 (X5, X)) ]
As in the proof of the first part of this lemma, we have for the first summand
B [(92 (X7, X5,) — 92 (X3, X3,)) 92 (X, X3, ]|
(4K+fL\/_)< (L J)+AL )

As gg (X!, X)) g2 (XL, X)) and go (X!, X/.) go (X[,, X{,) are random variables with
(1+ 2)-moments smaller than M from the definition of the uniform (2 + §)-moments,
the second and the third summand are bounded by % Totally, we get

‘E [92 (Xll’X ) (Xl,g? Xi/4) — 92 (Xl/;’X/ ) (Xlls’ X, )} }
(4K+ \/§L\/?) (ﬁ (L?J) +AL%J> +2K
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3.2 Generalized Covariance and Moment Inequalities

_2
Setting K = (AL§J + 0 (L%j)) o M;W, keeping in mind that K is non-decreasing
and treating the summand in the same way, one easily obtains

+

m[pxwx><xwxmg0Mm(w;Q%D+A@O

|3

for a constant C, which proves the lemma. n

Now we can derive a second moment inequality for the degenerate part of a U-
statistic, following the arguments of Yoshihara [98]. In the optimal case 7 = 0 (the
series in the lemma are summable), the order of the variance is n?, which is the same
as in the independent case.

Lemma 3.2.5. Let g be a kernel that satisfies the variation condition. Let be 7 > 0

such that one of the following conditions hold for the process (X,),cn:

1. g is bounded, (X,),cn i strongly mizing, E|X1|” < oo for a p > 0 and
i ka7 (k) = O (n7).

2. g has uniform (2 + §)-moments for a § > 0, (X,),c
E|Xi1]’ < oo forap>0and ) ,_, ko e (k) = 0O (n").

N 18 strongly mizing,

3. g is bounded, (X,),c 15 near epoch dependent with approvimation constants
(ar)kew on an absolutely reqular process with mizing coefficients (B(k))ren and

Yoo k(B (k) +Ap) =0 (n7) for AL =+/2"2, a,.

4. g has uniform (2 + 6)-moments for a 6 > 0, (X,),cn 15 near epoch depen-
dent with approrimation constants (ay)gken on an absolutely reqular process

with mizing coefficients (B(k))rew and Y p_, (52+5( )+ A%é) = O(n") for

AL = \/QZEZLCLZ'.

Then

n

Z |E (92 (Xiy, Xiy) g2 (X, Xi,)]| = O(n2+7).

11,82,13,54=1

Proof. The proofs of the four parts of this lemmas are exactly the same, using the
differents parts of Lemma 3. 2 3 respectively Lemma 3.2.4, so we will show only part
1. Let {i1,iq,13,i4} = {2 ,i(3), 1 ()} and i) < i) < i3 < i), then we can
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3 U-Statistics

rewrite the sum in the statement of our lemma as

n

Y Elg (X, Xi) g2 (X, X, )]

11,82,13,54=1
n

= E ‘E[QZ (XH?X ) (X137X )”
k=0 o 01,02,03,04
max{i(2) ~i(1),i(a) ~i(3) }=h

<Cy > a7 (k).
=

= 11,12,13,%4
max{i(2) ~i(1):i(a) ~i(3) }=k

We have to calculate the number of quadrubles (i, 12,143,74) such that max{i) —
i(1),%a) — i3y} = k. First note that there are at most 6 quadrubles wich lead to
the same ordered numbers (1), %(2),%3),%4). There are at most n? possibilities to
choose i(l) and i(4). If i(g) — i(l) = max{i(g) — i(l),i(4) — i(g)} = l{?, then i(g) is already
fixed and there are k possibilities i(3). The same argument applies if i4) — i3) =
max{i@) — i(l),i(4) — i(g)} = ]C, SO we arrive at

n

S B2 (X Xiy) g2 (Xip, X3, )| < C2 D~ kaww1 (k) = O (n**7) .

11,12,13,04=1

]

3.3 Central Limit Theorem and Law of the Iterated
Logarithm

We are now prepared to give versions of the classic limit theorems in probability
theory for U-statistics under dependence: the central limit theorem and the law of
the iterated logarithm. Similar results can be found in Dehling, Wendler [32], [33].
The proofs will all make use of the Hoeffding decomposition

Unlg) =04 23 0 (X0 + 2 Y (X, X,).

n(n—1) 1<i<j<n

There already exist different results for the linear part and the moment inequalities
of the previous section will allow us to show that the degenerate part will converge
to 0. After the central limit theorem under independence by Hoeffding [49], there
are many results under dependence: Under the strong assumption of m-dependence
or *mixing, Sen [80], [82] proved asymptotic normality. Yoshihara [98] assumed
(Xn)new to be stationary and absolutely regular and proved a central limit theorem
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3.3 Central Limit Theorem and Law of the Iterated Logarithm

for U-Statistics under this weaker condition. Denker and Keller [35] have relaxed
the mixing assumption to sequences which are near epoch dependent on absolutely
regular processes, Borovkova et al. [18] showed convergence of the empirical U-process
to a Gaussian process. Recently, Hsing and Wu [53] proved a central limit theorem for
weighted U-statistics of processes that are functionals of an underlying independent
i.i.d. process with some physical dependence measure (a more refined version of near
epoch dependence).

Theorem 3.3.1. Let (X,,), . be a stationary process and g be a kernel that satisfies
the variation condition and let one of the following four conditions hold:

1. g is bounded, (X,), o s strongly mizing, E |X1|” < oo for a p >0 and a(k) =
O(k=) for an a > %.

2. g has uniform (2 + §)-moments for a & > 0, (X,),cn 15 strongly mizing,

E|Xi|” < oo for ap>0 and a(k) = O(k™*) for an o > W.

8. g is bounded, (X,), o 15 near epoch dependent with approzimation constants

(ar)rew on an absolutely reqular process with mizing coefficients (B(k))ren and
there is a 8 > 1 such that B(k) = O(k™") and ar = O(k=P72).

4. g has uniform (2 + §)-moments for a § > 0, (Xy,),c @5 near epoch dependent
with approximation constants (ax)rew on an absolutely reqular process with miz-
ing coefficients (B(k))en and there is a 8> 22 such that B(k) = O(k™?) and

ap = O(k_Qﬁ_l).
Then
Vi (U, (9) — 6) 2 N (0,40?)
with -
0® = Var[g1 (X1)] +2) _ Cov [g1 (X1) g1 (X144)] -

If 02 = 0, when the statement of the theorem should be read as convergence to 0.
Proof. We use the decomposition
2 n
Un(0) = 0) = —= 3" g1 (X)) + Vi——— X, X))
ViU (6) = 0) = =30 (X) Vi 3 02X X)
i=1 1<i<j<n
For the four different conditions of the theorem, we will proof that \/lﬁ S (Xy)
is asymptotically normal, that 02 < oo and that the degenerate part

Jn 2

n(n—l) Z 92( (2 ]>—>0

1<i<j<n
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3 U-Statistics

in probability. The statement of the theorem will then follow with the help of Slutzky’s
theorem.

1. First note that if (X, ),en is strongly mixing, then the same holds for the se-
quence (g(X,))new and the mixing coefficients are smaller or equal to the mix-
ing coefficients (a(k))gew. So by Theorem 1.6 of Ibragimov [55], we have that
0% < oo and that \/%721;1 g1 (X;) is asymptotically normal. Moreover, we have
Yo ko (k) < Yo k'7%T = O (n") for a T < 1 and by the triangular inequal-
ity and the first part of Lemma 3.2.5

2
Var \/ﬁ— Z g (Xl,X])
n(n—1) 1<i<j<n

1 -
< 3 Z ‘E [92 (Xi17Xi2> 92 (Xisv Xi4 )” = O(_n2+ ) = 0(1)7
n 11,42,43,54=1

the Chebyshev inequality completes the proof.

2. With Theorem 1.7 of Ibragimov [55] 0% < oo and %22:191 (X;) is asymp-

totically normal. Moreover, we have >/, koo (k) =0 (n7) foraT < 1 and
by second part of Lemma 3.2.5

Var \/ﬁ% S 0 (X, X)) | = 0(5n?7) = of1).

_ 3
n(n ) 1<i<j<n n

3. Note that ¢;(X;) is bounded and that it is near epoch dependent with approxi-
1

mation constants a; = af by Lemma 2.1.7. As > 7, f(k) < co and > 7, a} < oo,
it follows by Thereom 2.3 of Ibragimov [55] that 0? < oo and \%Z?:l g1 (X;) is

asymptotically normal. Moreover, we have A, = (2> 7, ai)% = O(n_%) and

reo k(B (k) + Ax) =0 (n™) < oo for a 7 < 1, so by the third part of Lemma 3.2.5

2z
n(n—1)

S (X0 X))| = 0(=5n27) = o(1).

— n?
1<i<j<n

Var |v/n

4. ¢1(X;) have finite (2 4+ §)-moments and are near epoch dependent with approxi-
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3.3 Central Limit Theorem and Law of the Iterated Logarithm

146
mation constants a; = C'a;/** by Lemma 2.1.7. So we can conclude that

245
E ‘gl(XO) - E[g1<XO)‘Z*l7 R Zl”H_a
245
=F Xo) — Elg1(Xo)|Z_y, ..., 2|5 1 ,
|“£h( 0) 91(X0)|Z- ] {lg1(Xo0)—Elg1(X0)|Z—1,... Z1]|<q, ﬁs}:|
+ 8 |l (X0) ~ Bl (X021 21 1 }
— Y PN + 1
o grito : : {l91(X0)—Elg1(X0)|Z1,.... Z1)|>a; 0}
——L
<a, """ E|g1(Xo) — Elp(X0)|Z, ..., Zi]]

3(2+9) ,8(2+9) 5(2+6)

+ al(1+6>2 E |91 (XO) . E[g1 (X0)|Z—l7 o Zl]|2+5 < C«al(1+6)2 < OCLZ(1+6>(3+26).

So we have that

> 216\ a2 Ead N
> (Eloi(Xo) = Blg(Xo)l Zo1,.., Z1 ) <O el < o,
k=1 k=1

as ap = O(n=%71) and 28 + 1 > 4+T36 > %. Furthermore, Z;;B?i*&(k) < 00,

so we can apply Theorem 2.2 of Ibragimov [55] to obtain asymptotic normality
of %22;191 (X;) and o* < oo. Moreover, Ay = (23, a;)2 = O(k™P) | so

_d
Yo k(ﬁﬁ(/ﬂ) + A?) = 0(n") for a 7 < 1 and with the fourth part of Lemma
3.2.5
1 1
) = O(=n*7) = o(1).

n3

Var \/ﬁﬁ Z 92 (X3, X;) | = O(

. n
1<i<j<n

O

Part 2. of this theorem is similar to the central limit theorems for U-statistics in
Dehling and Wendler [32], but the continuity condition differs. The fourth part avoids
the condition of (4 4 §)-moments required in Borovkova et al. [18]. We are not only
interested in the weak convergence, but also in the strong behaviour of U-statistics.
Let us first investigate the degenerate part.

Proposition 3.3.2. Let (X,), .y be a stationary process and g be a kernel that sat-
isfies the variation condition. Let be T > 0 such that one of the following conditions

holds:

1. g is bounded, (X,),cn is strongly mizing, F|X1|” < oo for a p > 0 and
i ka7 (k) = O (n7).

2. g has uniform (2 + §)-moments for a § > 0, (X,),cn @ strongly mizing,
E1Xy|’ < oo forap>0and ), _, ko e (k) =0 (n").
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3 U-Statistics

3. g is bounded, (X,),cn 15 near epoch dependent with approzimation constants
(ar)kew on an absolutely regular process with mizing coefficients (8(k))ren. For

A =/2Y 2 a0 >0 k(B (k)+ Ap) =0 (n7).

4. g has uniform (2 + §)-moments for a § > 0, (X,),c @5 near epoch dependent
with approximation constants (ax)rew on an absolutely reqular process with miz-
_J
ing coefficients (B(k))ken. For Ap = /2> 2 air > p_p k(ﬁ%é (k) + A7) =
O (n7).

Then almost surely
1—

n
nloglogn

VB

3
2

log
Proof. We define
Qn = Z 92 (XZNX )

1<i1<i9<n

1
143 log? nloglogn

Cn

With the method of subsequences, it suffices to show that

Qa1 (g2) = 0

max |c,@Qn — ca-1Qy-1| — 0
2-1<n<2!

almost surely as [ — co. We use the Chebyshev inequality and Lemma 3.2.5 to prove
the first line. For every € > 0:

o

1 oo
ZP |21 Qa (g2)] > €] < _ZCQZE Q3 (92)] < —22

=1

3log l

S0 Qa1 (g2) — 0 follows with the Borel-Cantelli Lemma. To prove the convergence
of the maxima to 0, we first have to find a bound for the second moments, using a
well-known chaining technique. For example, by the triangle inequality we have

lc15Q15 — csQs| < |c15Q15 — c14Q14] + |€14Q14 — c12Q12] + |c12Q12 — csQs) -

Using such a decomposition for all n with 2/=1 < n < 2!, we conclude that

max |, Qn — co-1Qq-1|
21-1<n<2l

l

E ’C2l 14 40d— 1Q2l 1449d—1 — Col— 14 (i—1)24— 1@21 14 (i—1)2d-1] -
d=1 h
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3.3 Central Limit Theorem and Law of the Iterated Logarithm

As for any random variables Yi,...,Y,: F (max|V;|)> < 32 EY?, it follows that

2
E ( max ¢, Q, — 0211Q211|) ]
2l-1<n<2!
1 2t-d
2
S ZZ ZE |:(C21—1_H'2d71Q2l—1+i2d71 — C2l—1+(i_1)2d—1Q2171+(i_1)2d71) i|
d=1 i=1
l 2l—d
S lz Z E [(621—1+i2d—1 <Q21—1+i2d—1 - Q21_1+(’L’71)2d_1)
d=1 =1
2
+ (02171_“2[171 — 02171+(i_1)2d71) Q2171+(i_1)2d71) }
2l d
S ZZZ2C2Z 1+12d 1E |:<Q21 1+12d 1 — QQZ 1+’L 1)2(1 1) :|
d=1 =1
ol—d
+ ZZ Z 2 Col— 1449d-1 — Col— 1+(7, 1)2d 1) |:Q§l_1+(i71)2d_1:|
d=1 i=1
! 2l—d
2
Z CQZ 1440d— 1E Z (QQlfl_H'Qdfl — QQl—l+(i_1)2d—l)
d=1 =1

[ 2=
+ 1 E CQZ 1yjod—1+Col=14 (;— 1)24- 1)(021 1j2d—1 = Col=14 (;—1)2d- 1) [Q2l Ly (i—1)2d-1

ol
1
< 126631—1 Z ’E [92 (Xh?X )92 <X237X )H = CY—2
= [log=1
11,12,23,24=
In the last line we used the fact that the sequence (cy), oy is decreasing and Lemma
3.2.5. Tt now follows for all € > 0 with the Chebyshev inequality

20-1<n<2

oo
ZP { max | Qn — Cor-1Qoi—1| > e]
=1

1 o 2 C 00
< 6_2 Z E (erlngagigl |CnQn — Cor-1Qgi-1 |> = 6_2 o
=1 =1
the Borel-Cantelli Lemma completes the proof. O

Since a(k) < 1, condition 2. in Proposition 3.3.2 is always satisfied with some

S
€ [0,2]. In the extreme case 7 = 0, i.e. when the series Y ,_, ko Zesrsrsars (k)
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3 U-Statistics

converges, the conclusion of Theorem 1 is close to the optimal rate which follows in
the independent case from the law of the iterated logarithm for degenerate U-statistics
of Dehling, Denker and Philipp [29] and Dehling [28]. Kanagawa and Yoshihara [57]
proved such a law of the iterated logarithm under strong mixing. They imposed
additional conditions on the summability of the eigenvalues of the function g(z,y)
which are not easy to check for many examples. In the other extreme case, the
statement of the theorem is rather trivial, as it follows by the strong law of large
numbers for U-statistcs. Under independence, this was shown by Hoeffding [50].
Aaronson et al. [1| have shown the following: If (X, ),en is a stationary ergodic
process, |g(z,y)| < fi(z)fa(y) with Efi(X;) < oo, Efz(Xs2) < oo and one of the
three following conditions hold:

1. The distribution of X; is discrete,

2. The kernel g is continuous almost everywhere with respect to the distribution
of (X,Y), where X, Y are independent with the same distribution as X7,

3. The sequence (X,,),en is absolutely regular,

then U,(g) — 6 almost surely and consequently U,(¢g2) — 0. The mild assumption
lg(x,y)] < fi(x) f2(y) holds for all our examples. Furthermore, the function s, (x,y) =
SUD)|(,4)— (2! /)| < 1 lg (z,y) — g (¢/,¥)] in nonincreasing in n and bounded below by 0.
So we have monotone convergence and

E lim s,(X,Y) = lim Fs,(X,Y) =0,
n—oo n—oo

because of the variation condition, so lim, . $,(x,y) = 0 almost everywhere with
respect to the distribution of (X,Y’), meaning that we have continuity almost ev-
erywhere, so the theorem of Aaronson et al. [1] applys. Dehling and Sharipov [31]
established a Marcinkiewicz-Zygmund stong law of large numbers under absolute
regularity.

We will now proceed with the law of the iterated logarithm for U-statistics. Were
are a lot of results for partial sums, but few for U-statistics. The law of the iter-
ated logorithm was originally established for partial sums of independent identically
distributed random variables by Khintchine in 1927 [61]. Hartman and Wintner [47]
were able to prove Khintchine’s result under the optimal condition that the random
variables have mean zero and finite second moments. Independently, Philipp [74],
Tosifescu [56] and Reznick |76| studied this problem under dependence; Oodaira and
Yoshihara |73] weakened their conditions. For partial sums of strongly mixing pro-
cesses, the sharpest results presently available are due to Rio [77].

Serfling [84] extended the law of the iterated logarithm to U-statistics in the in-
dependent case, we will extend this to dependent random variables. The following
theorem is similar to Theorem 2 of Dehling and Wendler [33]:
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3.3 Central Limit Theorem and Law of the Iterated Logarithm

Theorem 3.3.3. Let (X,,), . be a stationary process and g be a kernel that satisfies
the variation condition and let one of the following four conditions hold:

1. g is bounded, (X,), o s strongly mizing, E |X1|” < oo for a p >0 and a(k) =
O(k=) for an a > %.

2. g has uniform (2 + §)-moments for a § > 0, (X,),cn 5 strongly mizing,
E X1’ < o0 for ap>0 and a(k) = O(k™®) for an a > 2p5+(;§3p+2'

8. g is bounded, (X,), o s near epoch dependent with approzimation constants

(ar)kew on an absolutely reqular process with mizing coefficients (B(k))ren and
there is a 3 > 1 such that B(k) = O(k~") and ar = O(k=P73).

4. g has uniform (2 + §)-moments for a § > 0, (Xy), o 5 near epoch dependent
with approximation constants (ax)rew on an absolutely reqular process with miz-
ing coefficients (B(k))en and there is a B> 22 such that B(k) = O(k™?) and
ap = O(k_gﬂ_l).

If 0 = Var (g1 (X1)] + 2322, Cov [g1 (X1) g1 (X144)] > O then
lim sup £,/ ———— (U, (g) — 0) = 1
nﬁoop 802loglogn * " g N

Proof. As shown in the proof of Theorem 3.3.1, the conditions of Proposition 3.3.2
are satisfied for a 7 < 1, so

3
log2 nloglogn loglogn
Un<g2>=o< SR >=o(\/—g & )
n 2 n

almost surely. It remains to show that almost surely

1 n
li TR (. S X;) = 1.
lffogp 20%nloglogn ; n(X:)

1. As Y 2, a(k) < oo, this follows by Theorem 2 of Rio [77].

almost surely.

2. As > ks o(k) < oo, this follows by Theorem 2 of Rio [77].
3. As

Elg1(Xo) — Elgy(Xo)| Z1, ... Z1])7
< CB|gi(Xo) = Elgi(Xo)| Zo1, .., 1)) < Cy/a = O(n~ %)
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3 U-Statistics

and @ > 2, we can use Theorem 7 of Oodaira and Yoshihara [73| to obtain the
statement of this theorem.

4. We have that ¢g(X;) have finite (2 + ¢)-moments and are near epoch dependent

1+6
with approximation constants a; = C'a**, so consequently

E|g(Xo) — Bl (X)) 2, ..., 2]

=F Xo) = Elgn(X)|Z_t,.... 2P 1 ]
{L(h( 0) [91(X0)|Z il (191 (Xo)— Elgr (Xo)| 71 Zill <0 T}

+FE Xo) — Elgn(X)|Zy, ..., 2”1 }
l‘gl( 0) 92(Xo)lZ- !l {191 (X0)—Elg1 (Xo)| Z_1,n Zi)|>a, 70}
1
<a, ""E|g(Xo) = Elgi(Xo)|Z, ..., Z]|
P
+a,"" E|g1(Xo) — Elg1(Xo)|Z, - - -, Zl”2+6

0 _6
< C«a;1+6 < C«ala+25 < Cl—(3ﬁ+1)3+%

and (35+ l)z,)JfQ(S > 6245 Sf% = 2. So we can use Theorem 8 of Oodaira and Yoshihara
[73| to obtain the statement of this theorem. O
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4 U-Processes

4.1 Definition and Applications

Not only U-statistics with fixed kernel g are of interest, but also the empirical U-
distribution function (U, (t)),cg, which is for fixed ¢ a U-statistic with kernel h(x,y) :=
Ligwy<ty- The Grassberger-Procaccia, see [44], and the Takens estimator of the
correlation dimension in a dynamical system are based on the empirical U-distribution
function. We will shortly describe the idea of dimension estimation, for more details
see Borovkova et al. [18].

We have seen that data from a dynamical system (X, ),en with X, = T(X,,)
(where T is a piecewise smooth and expanding map) might show a behaviour similar
to other weak dependent sequences such as linear processes. But there is a criterion
to distinguish this two types of sequences: For a dynamical system, X, is a function
of X, so all vectors ((X,+1,X,))nen are concentrated on the graph of 7', while for
example for a linear process there the innovations have a density or for a sequence of
independent random variables, the vectors ((X,+1, Xn))new also have a density. Let
us define the correlation integral

C(r) = P(l(Xns1, Xn) = Yorr, Vo)l < 7)

where (Y},),en is a independent copy of (X,,)nen. For dynamical systems we expect
for small r a behaviour as C(r) ~ Cr, while for independent data, we would have
C(r) ~ Cr?, so the exponent (the so-called correlation dimension) tells us about the
nature of the process (X,)new. A natural estimator of C(r) is the U-statistic with
kernel h(amy, 7") = ]l{HHC*yHST}‘

Let us note at this point that our theory can be generalized to multidimensional
random variables straightforwardly for sequences, that are near epoch dependent on
absolutely regular processes, see also Borovkova et al. [18]. In contrast, for strongly
mixing sequences, this is not easy, as the coupling lemma 2.3.2 is not dimension free.

The functional central limit theorem for the empirical U-distribution function has
been established by Silverman [86], Nolan and Pollard [71] and Arcones and Giné
|6] for independent data, by Arcones and Yu [8] and Borovkova [17] for absolutely
regular data, and by Borovkova et al. [18| for data, which is near epoch dependent
on absolutely regular processes. Lévy-Leduc et al. [66] investigated U-processes of
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4 U-Processes

long range dependent data. The functional law of the iterated logarithm for the
empirical U-distribution function has been proved by Arcones [3], Arcones and Giné
|7] under independence. The Strong invariance principle has been investigated by
Dehling et al. [29]. We will show a strong invariance principle under dependence. As
a corollary, we will obtain the law of the iterated logarithm to sequences which are
strongly mixing or L! near epoch dependent on an absolutely regular process and the
central limit theorem under conditions which are slightly different from the conditions
in Borovkova et al. [18]. Let us now proceed with precise definitions:

Definition 4.1.1. We call a measurable and bounded function h : R x R x R —
R which is symmetric in the first two arguments and non-decreasing in the third
argument a kernel function. We will assume that for all x,y € R: limy_,o. h(z,y,t) =
1, limy, oo h(z,y,t) = 0. For fixed t € R, we define

U, (t) == Z h(Xi, X;,t)

1<7,<_]<n
and call the process (U, (t)),cg the empirical U-distribution function. We define the

U-distribution function as U (t) := E'[h(X,Y,t)], where X, Y are independent with
the same distribution as X, and the empirical U-process as (v/n (Un(t) — U(t))),cr-

The main example for this is the empirical distribution function of the sample
(9(Xi, X;))1<i<j<n which is the empirical U-distibution function with the kernel func-
tion h(z,y,t) := Lygwy)<y. But other kernel function might also be of interest. If
we study h(z,y,t) = %(]l{mgt} + 1{y<#y), we obtain the ordinary empirical distribu-
tion function. Similar to U-statistics with fixed kernel, we introduce the Hoeffding
decomposition of the empirical U-distribution function into a linear and a so-called
degenerate part:

U, (t) = U (t) + = Zhl X, t) + Z hy (Xi, X;,t)
1<z<j<n
where
hi(z,t) := Eh(z,Y,t) — U (t)
ho(x,y,t) = h(z,y,t) — hi(z,t) = hi(y,t) = U (t).

Because we will consider dependent random variables, we need an additional con-
tinuity property of the kernel function, a uniform version of Definition 3.1.8:

Definition 4.1.2. h satisfies the uniform variation condition, if is a constant L, such
that forallt e R, e >0

E sup |h(z,y,t) — h(X,Y,0)]| < Le,
(@) —(X,Y)|<e
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4.1 Definition and Applications

where X, Y are independent with the same distribution as X; and ||-|| denotes the
Euclidean norm.

This condition holds for many discontinuous functions, as the jump is averaged out
by the expectation.

Example 4.1.3. The kernel function h(z,y,t) := L{s—y<s satisfies the uniform
variation condition, if X has a bounded densiy. Then |X — Y| also has a bounded
density and for every ¢ > 0

E sup Lfja—yi<ty — Lx-vi<y]
1(2,5)—(X,Y)||<e

§P[t—x/§e<]X—Y|§t+\/§e < Le.

Note that for this example, the U-distribution function is Lipschitz continuous.

The empirical U-process is a generalization of the empirical process, which is given
by (\/Lﬁ St (Lix,< — P(X; < 1)))iepy- For uniformly on [0,1] distributed and
independent random variables (X,,),en, the empirical process converges weakly to a
Brownian Bridge, as was proved by Donsker [36]. The functional law of the iterated
logarithm established by Finkelstein [41] says that (g 2oimi (Lixi<y —P(Xi <
t)))tc(0,1])nen is almost surely relatively compact and the limit set is given by

{f|f(0) = f(1) =0, f absolutely continuous ,/1 fA(t)dt =1},
0

Miiller [70] determined the limit distribution of the double indexed empirical process

1
(ﬁ Z (Lixi<y _t)> :
1<i<sn t,s€[0,1]

It converges weakly towards a Gaussian process (K (Z,s))s tco,1] With covariance func-
tion EK(t,s)K(t',s') = min{s, &'} (min{¢, ¢} — tt'), which is the covariance function
of a Brownian bridge in t direction and of a Brownian motion in s direction. Kiefer
|60] proved an almost sure invariance principle: After enlarging the probability space,
there exists a copy of the Kiefer-Miiller process K such that the empirical process
and this copy are close together with respect to the supremum norm.

A strong invariance principle is a very powerful asymptotic theorem, as the limit
behaviour of Gaussian processes is well understood and it is then possible to conclude
that the approximated process has the same asymptotic properties. Note that a
Kiefer-Miiller processes can be described as a functional Brownian motion, as its
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4 U-Processes

increments in s direction are independent Brownian bridges. Kuelbs and Lepage [63]
established the law of the iterated logarithm for Brownian motion in Banach spaces.

Berkes and Philipp [14] extended Kiefer’s result to dependent random variables.
The approximating GGaussian process K has then the covariance function

EK(t,s)K(t',s") = min{s, s’}(4 Cov [H{Xlgt}, ]l{Xlgt’}}

+4 Z Cov []l{XlSt}’ ]I{XkJrlSt/}] +4 Z Cov []I{Xk+1§t}’ ]I{Xlﬁt’}] )
k=1 k=1

Their proof is based on a special coupling method, measuring dependence by the
difference of the characteristic function conditionalized on the distant past and the
unconditional one, see Berkes and Philipp [15].

We have the following scaling behaviour: (\%K(t, ns))scfo] has the same distri-
bution as (K(t,5))ssc0,1)- Furthermore, a functional law of the iterated logarithm
holds: The sequence

v2nloglogn

is almost surely relatively compact (with respect to the supremum norm). The limit
set is the unit ball of the the reproducing kernel Hilbert space, which we will introduce
Nnow:

((;K(t, ns))s,te[o,u)

nelN

Definition 4.1.4. Let C : (RY)? — R a covariance function (that means symmetric
and positive semidefinit). We define

K = {f:Rd%R\f(x):ZbiO(x,yi), bl,...,bmeR,yl,...,ymeRd}.
=1

For f(z) = 320 biC(2,4i) € Konyy g(x) = 3272 biC(2, 21) € Koy, the inner product
of f and g is given by

mi1 msg

i=1 j=1
and /(f, f) is a norm on every IC,,,. We call £ = |J-_, K,, (the completion of the

union) reproducing kernel Hilbert space associated with covariance function C.

Oodaira [72] noticed that the limit set in the functional law of the iterated logarithm
could be described as the unit ball ¢ of this space. For more information about the
reproducing kernel Hilbert space, see Aronszajn [9].
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4.2 4th Moment Bounds and Uniform Hoeffding Decomposition

4.2 4th Moment Bounds and Uniform Hoeffding
Decomposition

Lemma 4.2.1. Let (X,,), ., be a stationary, strongly mizing sequence with o (n) =
O (n=%) for some a > 3 and Cy,Cy > 0 constants. Then there exists a constant C,
such that for all measurable, non-negative functions g : R — R bounded by Cy and
allne N

1+~

g (zg (X) - Elg <X1>]> < On? (logn)” (max { E|g (X))], Con ™1 })

a—2
o

with v =

Proof. We define the random variables Y; = g (X;) — Fg (X1). Recall that by Lemma
2.2.2 with py = py = % and p3 = ¢

5 we obtain the following three inequalities for all
1,7,k € IN:

3 .
[EYoYYi Vil < Cam (0) [[Yol| 2o [YoY5Yjinll 2o,
|B[YoYYiyjYisall < C|E[YoYi)| |E [YoVi]| + Ca® (5) [VoYill 2o [[YoYil| 20 ,
3
|EYoYYii Vil < Can (B) [[Y0YiYigl| 2o 1Yol 2o
By Lemma 2.2.1 with p; = py = % and p3 = a, we get
B [YoYi]| < Can (i) |[Vi] e -

As Y, is bounded, we have that

2

=) <oEm)

20\ % at3
Wil = (EMFS) T < (e

atl 2a a—1
Wilg < (cFtEml) " <cEmp=

a—3
2a

. < C(EV)

Y0¥ ekll 2, < [[YP]] 20 < CF VA

and it follows that

200—2

|E[YoYiYii;Yigjan]| < Caz (i) as (k) (EVi]) "« + Caa (max {i,j,k}) (E[Vi])

a—3
@
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4 U-Processes

Now by stationarity of the process and the linearity of the expection the following
fourth moment inequality holds:

n 4 n
E (ZK) <Cn Y |EYoYiYiekYienss]|
i=1

ij k=1
n
< C’nQZaa Zaa (E |Y1
i=1

3

As max {E lg (X1)] ,C2n_1} > Cyn~a+1, we have that

n

T on ) as () (BT

=1

2a0—2
3

(E|Yi)) = <Cn (max{E\g(X1)| Con™ 1}) :

and with o (n) = O (n™®), we arrive at

n 4
=1
2 u 1 _ ]- Za=2 2 . .21 _3 %
<Cn?y =Y S (EM)TT +on?Y i i—3<maX{E]g(X1)\,an })
=1 k=1 i=1
20-2

<Cn? (i %) (max {E lg (X1)] ,CQn_2}> :

1=

3

=Cn? (logn)? <max {E lg (X1)] ,C’gn_4}>1ﬂ .
0

Lemma 4.2.2. Let (X,,), ., be a near epoch dependent sequence on an absolutely
reqular process (Zy), ., with mizing coefficients B(n) = O (n™?) for a f > 3 and
approzimation constants a, = O( BH)). Let C1,Cy, L > 0 be constants. Then
there exists a constant C, such that for all measurable, non-negative functions g :
R — R that are bounded by C and satisfy the variation condition with constant L,
and all n € IN we have

1+~

(Zg Xl)]> < Cn® (logn)? (maX{E |Y1] 70271_%})

B—3

with v = B+1

Proof. We define the random variables Y; = g (X;) — Fg (X1). Then by Lemma 2.1.7,
(Y3) ez is near epoch with approximation constants a, = (L+C1)\/a, = O (n_@>
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4.2 4th Moment Bounds and Uniform Hoeffding Decomposition

Using Lemma 2.2.5 with § = we obtain

6
53’
|EYyYiYiy Yigjonl

s ( max{1,7,k _ 22
<o (o8 (12028 ) ity + a7y 61 + BNV Bl

Making use of Lemma 2.2.4 and § = it follows that

B n

s ( max{i,j, k - 28
BY Vi Yingual <€ (5 (L2020 il + 07 i

v (98 (18)) Wlfas, +a7f 6l ) - (9 (Lg1) el + a5 1360 )-

First note that

v

Tl
o
m-"m

|

and that
2B B—1

H%%ﬂ<CWM@“ﬂM%W“

2[3

Yoll, < €M% < CI%IE

83 26-2
as Y; is bounded. Furthermore, |Yy[|{** < Cn <maX{HYOH1 : an*%}> " Now by
stationarity

n 4 n
£(321) <on 3 BBl
=1

ij,k=1
9 - 1 1 22 - Bil - ~‘f%T %gf%
<Cn Zw( )Zﬁﬁ( e + O3 e S Il
; n -3
+cnzm2w (L20) o™+ Cn S miafat Il
m=1
28—-2
<on?S i Zk (masc{[[Yo |, , Con~5})
=1

28—2

+Cn? Z m*m~? (max{||Y0||1 : an_%}> o
m=1

28-2

<Cn? (logn)” (max{|[Yol,, Con1}) 7 = Cn? (logm)” (max{ Yo |, , Con™ 1})

1+

]
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4 U-Processes

Proposition 4.2.3. Let h be a kernel function that satisfies the uniform variation
condition such that the U-distribution function U is Lipschitz-continuous and one of
the following two mizing conditions is satisfied:

1. (Xy),en 18 strongly mizing with mizing coefficients a(n) = O(n™?) for a > 8
and E|X;|P < oo for a p> 1.
2. (Xn),en 18 near epoch dependent on an absolutely regular process with mizing

coefficients B(n) = O(n=P) for B > 8 and approzimation constants a, = O(n=%)
for a =max {f + 3,12}.

Then:
sup Z ha (X, X, 1) :0<n%’%>
tER | 1<ici<n

almost surely with v = %2 respectively v = %

Proof. We define Q,,(t) := > o j<, ho (Xi, Xj,t). For I € N choose t1,...,tg1;
with k& = ky = O (23), such that

—00 = toJ < tl,l < ... < tk:—l,l < tk,l = 00,

and 2780 < |U(tn) — U(t,_14)| < 2-275". By the Lipschitz-continuity of the U-
distribution function |t,; —t,_1;| > % By our assumptions, h and U are non-
8

decreasing in t, so we have for any ¢ € [t,_14,t,;] and 2! <n < 20+1

|Qn(t)] =

§max{
gmax{

Z (h (X, Xy tro10) — ha(Xiy trm1g) — (X, trmng) — U(tr—l,l))‘}

1<i<j<n

+(n—1)max{

> ((Xi, X5, t) = h(Xi,t) — hi(X5,1)) = U (1))

1<i<j<n

> (X, X t) = (X t) — n (X5, 1) = U )|

1<i<j<n

> (h(Xi, X teoag) — ha(Xat) = ha(X5,0) — U(t))‘}

1<i<j<n

Y

Z (b (X3, X, tr0) — ha(Xiy trg) — ha (X, t00) — Ul(tr))

1<i<j<n

n

D (X teg) = (X5, 1))

=1

)

D (X, 1) — hl(Xntv-—l,l)))'}

i=1

+ 2D, - )
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4.2 4th Moment Bounds and Uniform Hoeffding Decomposition

< maX{’Qn(tr,l>’a |Qn(trfl,l)’}

n

+ (= 1) D (X, tr) = ha (X, t210)))

i=1

n QWW(W — U(tr_1a)|-

So we have that

Z(hl (X trg) — ha (X, trl,l)))‘

+ Iréaxkn(n— DU ((t) — U(tr—14)l-

-----

SUp [@Qn(t)] < max |@nltry)] + max (n—1)

..........

We will treat these three summands separately. We have for the last summand
that max,—q._xn(n — 1)|U(ty) — Ut,_1,)| < Cn?27s = o (n%_%) by the choice of
ti,...,t_1. For the first summand, we obtain with similar arguments as in the proof
of Proposition 3.3.2

E[ max maX |Qn(t rl)|2]

n=2l,...21+1-1 r=0,...,

ol—d

>l ZZE[ st ia(ted) = Qi ayaute)’]

r=0 d=0 =1
k 2l+1

SIS Y B X X s (Yo X )

r=0 d=0 i1,j1,i2,j2=1
Sokl222(l+1) S Cl22(2+%)l,

IN
E

where we used Lemma 3.2.5 in the last line. With the Chebyshev inequality, it follows
for every € > 0

ZP [ max max, |Qn(trs)] > te(g_g)]

2l+1_1 r=0,...,

.....

! 2 - 1 5
<D g Bl max  max [Qutn)f] < Y oy P20 < oo,
=

1 n=2!,...21+1_1r=0,....k

I
—

,,,,,
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4 U-Processes

(the meaning of the abbreviation i.o. is “infinitely often”) and max,—__x |Qn ()| =
0 <n%_%) almost surely. It remains to show the convergence of the second summand.

By Lemma 4.2.1 respectively 4.2.2 for 2! < n < 24!

n 4
g <Z<m<xi, tr) — h1<XZ-,tm,z>>> < Cn? (logn)* U (tny) — U(t,_1,)|'*

i=1
as |U(tyy) — Ultr—11)| > 23l > 02~ and consequently

n

Z(h1(Xz', trer) — ha(Xito11)) |>

i=1
>4

< O2Pk( max |U(tyy) = U(tr—1))'™ < C12206- 8t

r=1,...,

=4y

n

Z(hl(Xia try) — hi(Xi to—1y))

i=1

T4 ey

where we used Corollary 1 of Moricz to obtain the last line. Remember that by our
choice k = k; = O(28"). We conclude that

n

Z(hl (Xistrg) — ha(Xi, te—10))

i=1

o0
C
= Z 642l(6_%)E (n_zlmaz)l(+1—1 Tgaxk(n - 1)

..........

> EZ(S_g)l]

3

Z(hl (Xistrg) = ha(Xi, tr11))

i=1

>4

The Borel Cantelli lemma completes the proof. O]

4.3 Strong Invariance Principle

The asymptotic theory for the empirical U-process makes use of the Hoeffding decom-
position, recall that hi(x,t) := F [h(x,Y,t)] — U(t). Under the mixing assumptions
of the theorem below, the following covariance function converges absolutely and is
continuous (compare Theorem 5 of Borovkova et al. [18]):

L(t,t") = 4 Cov [hy (X1,1), by (X1, 1)]

+4) " Cov [y (X1,t) by (Xpgr, )] + 4 Cov [hy (Xppa,8)  ha (X, 1)

k=1 k=1

The following theorem was first published in Wendler [94]:
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4.3 Strong Invariance Principle

Theorem 4.3.1. Let h be a kernel function that satisfies the uniform variation con-
dition such that the U-distribution function U is Lipschitz-continuous and one of the
following two mizing conditions is satisfied:

1. (Xy),en 18 strongly mizing with mizing coefficients a(n) = O(n™%) for a > 8
and E|X;|P < oo for a p> 1.

2. (Xn),en 18 near epoch dependent on an absolutely regular process with mizing
coefficients B(n) = O(n=") for 8 > 8 with approzimation constants a, = O(n=%)
for a = max {f + 3,12}.

Then there exists a centered Gaussian process (K (t,s))iser (after enlarging the prob-
ability space if necessary) with covariance function

EK(t,s)K(t',s") = min {s, s'} ['(t,t")
such that almost surely

sup —= | (1] (Upns) (1) = U (1)) = K(t,ns)| = Olog™ 5% n).

Proof. We use the Hoeffding decomposition

2 © 2
U, t)=U@{#t)+—=) h (Xi,t) + —— ho (X;, X, t) .
n ; n(n—1) 1§;§n ’
By Proposition 4.2.3, we have almost surely
1
sup —; Z ha (X5, X, 1)
sé%l,{u N2$ |1<i<j<ns
0l 1 0l
<n~ 8 sup ] Z hg (Xi,Xj,t) = O(n’§).
n/tzean (TL,)2 i 1<i<g<n/

So the statement of the theorem follows if we can proof that there exists a centered
Gaussian process (K (t,$))tser

sup — |LnsJ(ULn5J (t)=U(t)) — K(t7ns)|

s€[0,1]

< sup L (22h(Xt) K(tns)>+sup ! > ha (X5, Xt)

>~ 1 iy - ) 3 2 1y <X7y
sé%o]},{u Vs 1<i<ns sée[(%l,{u N2S |1<icj<ns

= O(logfﬁ n).

This proposition is basically Theorem 1 of Berkes and Philipp [14], which we have to
generalize in three aspects:
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4 U-Processes

1. Berkes and Philipp assume that the covariance kernel I' is positive definite, we
want to avoid this condition here.

2. Berkes and Philipp consider indicator functions 1,<;, while in this version of
the proposition, we deal with more general functions Fh(z,Y,t).

3. Theorem 1 of Berkes and Philipp is restricted to the distribution function F'(t) =
FElx,<;y = t, we will extend this to a Lipschitz continuous function U, bounded
by 0 and 1.

Berkes and Philipp assume that (X,,),en is near epoch dependent on a strongly mix-
ing process, which holds under both our mixing assumptions.

1. In the proof of their Theorem 1, Berkes and Philipp use the fact that I is
positive definite only for two steps. Their Proposition 4.1 (page 124) also holds if
this is not the case. It is easy to see that the characteristic functions of the finite
dimensional distributions then might converge to 1 at some points, but with the re-
quired rate. Furthermore, we have to show (page 135) that for all ¢,... ¢4 € [0, 1],
PI|(K(t1,1),..., K(tq,,1))|| > $Tk] < 6x, where T}, and , are defined in their article.
Let Ty, = (D4, 15)),<; j<q, Pe the covariance matrix of K(1,1),..., K(t4,,1) and A
its biggest eigenvalue. We first consider the case that A > 0. As I'y, is symmetric and
positive semidefinite, there exist a matrix Fi such that (Fi)tlﬁi = I'y, and the ran-

dom vector (K (t1,1),..., K(ta,,1)) has the same distribution as ' (Wy,..., W, )",
where Wy, ..., Wy
that

. are independent standard normal random variables. So it follows

1 1 1
PlI[(K(t1, 1), ... K(ta )l = 7Tkl = PTG, (Wh, - .. Wa Il 2 7T
1

< PIVAI(Wh,.., Wa )| = T3
1 1
- T / exp(—ﬁ(xf+...+x§k))dx1...dxdk.
(2m)2dk Jl@1 a2 1T

The rest of the proof is then exactly the same as in Berkes and Philipp [14]. In the case
A =0, we have that ' = 0, so trivially P[||(K(t1,1),...,K(ta,))|| = 3Tk = 0 < .

2. The proof uses different properties of the indicator functions. If the process
(Xn)new is near epoch dependent with constants (a,)nen, then as a consequence of
Lemma 3.2.1 of Philipp [75] the process (]I{Xngt})nelN is near epoch dependent with
constants (y/an)nen. The same holds for the sequence (hy(X,,t))nen by the bound-
edness of h; and Lemma 2.1.7.
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4.3 Strong Invariance Principle

Furthermore, h and U are nondecrasing in ¢. Berkes and Philipp used different mo-
ment properties, which we also assume: hy(X,,t) is bounded by 1 and E|h;(X,,t) —
hi (X, t)| < Clt —t| for t,t' € R, so consequently for m € R [|h1(X,,t)],, <1 and
|h1 (X, t) — P (Xo, )|, < |t — #|w. So this more general version can be proved
along the lines of the proof in Berkes and Philipp [14].

[

3. If U(t) = t does not hold, note that Ehy(X;,t,) = U(t,) = p with t, = U~ *(p) :=
inf{t € R|U(t) > p}, because U is continuous. Clearly, the uniform variation con-
dition holds for h(z,y,U~'(p)). Furthermore, notice that if U(t) = U(s), when
hi(X;,t) = hy(X;, s) almost surely by monotonicity of h, so

Z hi(X;, t) = Z hi(Xi, tu)
i—1 i—1

almost surely. From the first two parts of the proof, we know that there is a centered
Gaussian process K* with covariance function

E[K*(p,s)K*(p', s')] = min {s, 5"} T'(t,, )
with

1 |
sup — || 2 hi(Xi,t,) — K*(p,ns) || = O(log™ 5% n)
eV ‘ ( 1<Z< ’

se|0, - -

almost surely. The Gaussian process K with K(t,s) = K*(U(t), s) has the required
covariance function and

1
sup ——= <2 E hl(X“t) — K(t, ns)) | =
teR n -
<) 1<i<ns
1 \
sup —= 1|2 Y (X tu) = K*(U(1),ns) | | = O(log™ 5 n).
s0] 1<i<ns

O

The rate of convergence to zero in this theorem is very slow, but the same as in
Berkes and Philipp [14], as we made use of their results and methods. By the scaling
property of the process K, we obtain the asymptotic distribution of Uy, (t), and by
Theorem 2.3 of Arcones [4] a functional LIL:

Corollary 4.3.2. Under the assumptions of Theorem 4.3.1 the empirical U-process

(LZ%J (U (t) = U (t)))

teR,s€(0,1]
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4 U-Processes

converges weakly in the space D(R x [0,1]) of cadlag functions (equipped with the
supremum norm) to a centered Gaussian process (K (t,s)):ser introduced in Theorem
4.9.1.

Corollary 4.3.3. Under the assumptions of Theorem 4.3.1, the sequence

__lns] -
<(\/W(U“‘”(t) U“”leﬂ,se[o,u)nem

is almost surely relatively compact in the space D(R x [0,1]) of cadlag functions
(equipped with the supremum norm) and the limit set is the unit ball Uy of the repro-
ducing kernel Hilbert space K associated with the covariance function of the process
K.
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5 U-Quantiles

5.1 Definition and Applications

Apart from having a small variance and bias, a good estimator should be robust,
meaning that extreme outliers which might result from heavy tails or from wrong
measurement, should not affect the estimation to much. This can be modeled by
random variables (X, ),en having a distribution function F' = (1—¢) F} +€F,, meaning
that with probability €, we have an outlier with distribution F5, while the good
observations have distribution F;. Robustness can be quantified with the breakdown
point, the minimal fraction of observations that can shift the estimation arbitrarily.
Suppose we want to estimate a functional T'(F") of the distribution by T'(F,), the
value of for the empirical distribution function, that T'(F},) is consistent, and that 7'
can take any real value. More precisely, the breakdown point ¢* is defined as

€ = €p, = sup {6 > 0 sup |T(Fy) —T((1 —e)F1 +eFy)| < oo} :
2

In many cases, the value of €7, does not depend on Fj. For more details on robust
estimation see the book of Huber [54]. The sample mean belonging to the functional
T(F) = [xdF(z) is not robust, as its breakdown point is 0. An robust estimator
of location is the median (T'(F) = F~*(3)) with breakdown point € = 0.5. But the
median has a rather low relativ asymptotic efficiency of 64 % for independent normal
distributed random variables, meaning that the variance in this situation is increased
compared to the sample mean.

The Hodges-Lehmann [51] estimator is another robust estimator of location and
is defined as H, = median{@ﬂ <i<j< n} The breakdown point of this
estimator is 29%, while the efficiency is 96% (See Choudhury and Serfling [22]), so the
variance is increased only slightly. The Hodges-Lehmann estimator is an example of a
U-quantile, i.e. a quantile of the sample (g (X;, Xj))1§i<j§n’
and symmetric function. In the example of the Hodges-L.ehmann estimator, we use
g(x,y) = %(x +1v). To study U-quantiles, we will adopt concepts for ordinary sample
quantiles.

where g is a measurable

Let (X,),cz be a stationary sequence of real-valued random variables with distri-
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5 U-Quantiles

Figure 5.1: Empirical Distribution Function and Remainder in Bahadur

Representation
A
E,(t)
,—l
|
Foty) p-==----~ ! F(t)
,_l 1
| |
————— _ Fn<t ) - D
p i :Fnl(p)_tp n _;_1( )zF/(tp)
— I p n P
! I - p— Fn(tp)
—~ ' o (p)—t, = + Ry,
I S ()
I
ty ]

bution function F" and p € (0,1). Then the p-quantile ¢, of F' is defined as
t,=F""(p):=inf {t e R|F (t) >t}

and can be estimated by the empirical p-quantile, i.e. the (%1—th order statistic
of the sample X;...,X,. This also can be expressed as the p-quantile ;! (p) of
the empirical distribution function F, () := £ 3" 1x,<. It is clear that F, ' (p)
is greater than t, iff F,, (¢,) is smaller than p. The relation between the empirical
distribution function and the empirical quantile can be refined with the following

heuristic argument: If the the function F), converges to F', one might hope that the

E.(t,) — )

slope also converges, so % ~ f(t,) := F'(t,). This leads to the Bahadur
p — L' D

representation [11]

p_Fn(tp>

+ R,.

Bahadur [11] showed that R, = O (n’%(log n)2 (loglog n)i> This was refined by
Kiefer [58] to

P
PN

3
374p

NI

n 4
li — | R,=2 1-— )
lffoljp (2 log logn> ( P)

Kiefers proof is very elaborated, a much simpler proof, but with a weaker result (only
convergence in probability) was given by Ghosh [43].

The following short calculation shows that R, is related to the (local) empirical pro-
cess (F, (t+1t,) — F, (tp) — f (tp) 1), centered in (t,, F;, (t,)) and its inverse denoted
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5.1 Definition and Applications

by Z,
Zo (@) = (Fo (- +1,) — Fu ()™ (2) — m
— inf {s|F, (s +t,) — F, (1,) <z} — ; ép)
—inf {s|F, (s) <z +F, (t,)} - fép) —t,
—F (et Fy (1)) — it
So we have
Zn (p— F (tp) = F, ' (p) — tp + F}tft)p)_ P~ R,

Deheuvels and Mason [26] used this argument to give a new proof of the precise
rate of R, given by Kiefer [58|. The results under mixing conditions are not as
precise. We will prove our result in the following way: The first step of our proof
is to show that (F), (t+1,) — F. (t,) — f (tp) 1))
uniformly on intervals I; D I, D I3... By a theorem of Vervaat [90]|, —Z, has the
same limit behaviour as the (local) empirical process. We will then conclude that
R, = Z, (F (t,) — F, (t,)) converges to zero at the same rate and obtain the central
limit theorem and the law of the iterated logarithm as easy corollaries.

converges to zero at some rate

There is a broad literature on the Bahadur representation for dependent data be-
ginning with Sen, who studied m-dependent [81] and ¢-mixing random variables [83].
Babu and Singh [10] proved such a representation under an exponentially fast decay
of the strong mixing coefficients, this was weakened by Yoshihara [99] and Sun [8§]
to a polynomial decay of the strong mixing coefficients. We will obtain a improved
version of their results as a special case of our Theorem 5.3.1. Coeurjolly [23] in-
vestigated the Bahadur representation for Gaussian processes. Dutta and Sen [40]
considered autoregressive processes, Hesse 48], Wu [96] and Kulik [64] established
a Bahadur representation for linear processes and Kulik [65] for GARCH processes.
Both linear processes and GARCH processes can be treaded as near epoch dependent
sequences and are thus included in Theorem 5.3.1.

We are interested in the empirical U-quantile, i.e. the p-quantile of the sample
(9 (Xis Xj)) i< for a measurable, symmetric kernel g, which can be expressed as
the generalized inverse of the empirical U-distibution function U,:

Definition 5.1.1. Let » : R x R x R — R be a kernel function and U the U-
distribution function. Then

ty=U""(p) = inf{t|U(t) > p}
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5 U-Quantiles

is called p-U-quantil and

U, ' (p) = mnf{t|U,(t) > p}
empirical p-U-quantile, where U, is the empirical U-distibution function.

Let the U-distribution function U (t) := P [h(X,Y,t)] be differentiable in ¢, with
u(t,) == U'(t,) > 0. Similarly to a sample quantile, U, ! (p) can be analyzed with
the help of a generalized Bahadur respresentation

For the special case of the Hodges-Lehmann estimator of independent data, Geert-
sema [42] established a generalized Bahadur representation with R, = O(n~1 logn)
almost surely. For general U-quantiles, Dehling et al. [29] and Choudhury and Ser-
fling [22] improved the rate to R, = O(n~1(logn)7). Arcones [5] proved the exact
order R, = O(n~1(loglogn)1) as for sample quantiles. Let us give some examples:

Example 5.1.2 (Hodges-Lehmann estimator). Let h(z,y,t) = ]l{l(ery)gt}' The
0.5-U-quantil is the Hodges-Lehmann estimator for location [51|. Note that

v X4Y € €
1 1fT€(t—— t+ 5

sup ]l{%(ﬁy)gt} - ]1{%(X+Y)§t} -

[l(z,y)—(X,Y)||<e 0 else

If X has a bounded density, then the density f1(x,y) of + (X +Y) is also bounded,
SO

E sSup |h(!L',y)-h(X,Y)|

l[(z,y)=(X,Y)[[<e
€ €
(=t 5l = (Paphone) <

and the kernel function h (z,y,t) = ]l{

X+Y

<r|

satisfies the uniform variation condi-
3 (@+y)<t}

tion on R.

Example 5.1.3 (Q, estimator of scale). Let h(z,y,t) = 1{jz—y<y. When the 0.25-
U-quantile is the @, estimator of scale proposed by Rousseeuw and Croux [79]. If
X, has a bounded density, then with similar arguments as for the Hodges-Lehmann-
estimator, the kernel function h (x,y,t) = Ly,_y<y satisfies the uniform variation
condition.
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5.2 On the Local Behaviour of the Empirical Distribution Function

5.2 On the Local Behaviour of the Empirical
Distribution Function

Lemma 5.2.1. Let hy : R x R — R be a non-negative, bounded, measurable func-
tion which is non-decreasing in the second argument, let F (t) := E [hy (X1,t)] be
differentiable in t, € R with F' (t,) = f (t,) > 0 and

\F(t) = F (t,) — f (t,) (t—tp)]:0<|t—tp|%> as t—t,.

Assume that one of the following two conditions holds:

1. (X)) ez is strongly mizing with a (n) = O (n™%) for some a > 3. Let y := 2.

2. (Xpn)pez 5 a near epoch dependent functional on an absolutely regular pro-
cess (Zn) ez With mizing coefficients (8(n)),cn and approzimation constants
(an) e such that B(n) = (n™?) and a, = (n=¥*?) for some B > 3. Let g
satisfy the variation condition uniformly in some neighbourhood of t, and let

. B3
VT

Then for F, (t) := 23" hy (X;,t), p=F (t,) and any constant C > 0

Swp_|Fy () = F () = Fo () + F ()| = 0 (n~ ¥ (log )’ (log log n)* )
jt—tp|<Cy/Toelee

almost surely as n — oo.

Proof. Let ¢, = n~3757(logn)i (loglogn)z. We first prove that

- 1
SOP| max = sup  (Fu()— Fu(t) — F(t)+ F(t) > ¢
2l<n<2t+l ¢, Toal
= [t—tp|<C g
4
< 2B max s (B - F(t) - FH+F(t,)| <.
- =0 C;ll 2l§n<2l+l |t ‘ |<C logl " " P P

The statement of the Lemma will follow by the Borel-Cantelli lemma. We set dy =

3
(%) * and d, = dy for 2! <n < 241 Let k € Z. As F,, F are non-decreasing in ¢,
we have for any ¢ € [t, + kd,,, t, + (k + 1)d,] that

[Fn (t) = Fa (tp) — F(t) + F (tp)]
<max {|F, (t, + kd,) — F, (t,) — F (t) + F (t,)] ,
| (tp + (B + 1)dn) — F, (1) — F (tp) + F (t)[}
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5 U-Quantiles

<max {|F, (t, + kdy) — F, (tp) — F (tp + kdy) + F (t,)] ,
|Fy, (t, + (k4 1)d,) — F, (t,) — F (t, + (k+ 1)d,) + F (t,)|}
+ |F (ty + (b + 1)d,) — F (t, + kd,)| .

It follows that

sup (Fu(t) — Fy (tp) —F{t)+F (tp))

log
t—ty<C, /151

< max (F, (t, +dnk) — F, (ty) — F (t, + duk) + F (1))
|k|<C (2t logl)

+  max |F(t+ (k+1)dy) — F (), + kdy)| -
k|<C (2! 1ogl)*

From the differentiability condition in our theorem, we conclude that

3
log? I
max |F (t,+ (k + 1)dy) — F (t, + kd,))| < f(t,)dy + 0 < il ) = 0(cp).
[k|<C(2'logl) 24

1
Furthermore, we have that for all k1, ks < C (QZ logl) 4

3
log4 ]
|F (t, + dpk1) — F (t, + dnks)| = f (tp) k1 — ka| dn + 0 ( 2g3l ) < Clky — ksl d,.

So by Lemma 4.2.1 (under mixing Condition 1.) or Lemma 4.2.2 (under mixing
Condition 2.)

E (F, (ty + dnk1) — F, (t, + dypks) — F (t, + dnky) + F (t, + dpks))*

1
<C— (logn)? [ky — k|77 d1H.

Note that we can represent the differences of the empirical distribution function as a
double sum

F, (t, + d,k) — F, (t,) — F (t, + d,k) + F (t,)

= iz (hl(Xia tp"’jdn)_hl(Xivtp+(j_1)dn)_F(tp+jdn)+F(tp+(j_1)dn)) )

i=1 j=1
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5.3 Central Limit Theorem and Law of the Iterated Logarithm

so by Corollary 1 of Moricz [69], it then follows that

1
—FE | max max  (F, (t, +d.k) — F, (t,) — F (t, + d.k) + F (t,))

C 2l<n<2l+! !
2l ST k<o(20gl) T

| log 1 Tog 1
B - I
o n n
log 1 Tog 1 !
o) o)
n

5+ 1ty
277 12 (logl) 2 1
2 (logl)™> o

S C a97 1+~
13 (logl)® 2% 2% [ (logl)

3—v
2

As v < 1, this quantities are summable and by the Markov and Chebyshev inequality,
the proof is completed. O

5.3 Central Limit Theorem and Law of the lterated
Logarithm

Before investigating the asymptotic behaviour of U-quantiles, we will investigate the
rate of convergence of the remainder term in the Bahadur representation. The fol-
lowing theorem can also be found in Wendler [93]:

Theorem 5.3.1. Let h : R x R x R — R be a kernel function that satisfies the
uniform variation condition in some neighbourhood of t,. Let U (t) :== E [h(X,Y,1)]
be differentiable in t, € R with U’ (t,) = u(t,) > 0 and

U@ =Ut) —ult) =t =o(lt=t,7) as t—t,
Assume that one of the following two conditions holds:

1. [ Xyl < 00 and (X,),cq i strongly mizing and the mizing coefficients salisfy

a(n) =0 (n"%) for some o« > 5. Le y := %

2. (Xn),ez 5 a near epoch dependent functional of an absolutely regular pro-
cess (Zn) ez, With mizing coefficients (8(n)),cn and approzimation constants
(an),en, such that B(n) = (n‘ﬂ) and a, = (n_(ﬂ+3)) for some B > 3. Let

v= B+1°
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5 U-Quantiles

Then for U, (t) := ﬁ Zl§i<j§nh (Xi, Xj,t), p=U (t,) and any constant C > 0
sup U (8) =~ U () — Uy (t,) + p| = 0 <n*%*§7(log )1 (log log n>%)

|t—tp| <O/ ToETRR
Ry :=U." (p) —tp —

n

0 (n_%_%v(log n)%(log log n)%>
almost surely as n — oo.

Proof. To prove the first statement of the theorem, we use the Hoeffding decomposi-

tion
2 « 2
t) = t — hy (X;,t _— ho (Xi, X, t).
Un() U()+TLZ 1( Za)—l_n(n_l) Z 2( /3] j7)
i=1 1<i<j<n
3
As above, we set ¢, = n~s 57 (logn)i(loglogn)z, dy = (*8)* and d, = dy for

2l <n < 241 We get

sup  |Un (t) = Un(t,) = U (t) + U (t,)]
lt—tp|<C /15
< max \Un, (tp, + dnk) — U, (t,) — U (t, + dnk) + U (t,)]
k|<C (2t 1ogl)®
+ max U (t, +d,(k+1)) —U(t, + d,k)|
k|<C/(2!1ogl) ™

and
max  |U(t, +d,(k+1)) =U(t, +d,k)| =0(c,).

[k|<C(21ogl) i

By Lemma 3.1.14 we have that h; satisfies the variation condition uniformly in
some neighbourhood of ¢,. Applying Lemma 5.2.1, we obtain

2 — 2 —
max =Y hy (X t,+ kdy) — - ;hl (Xi,t,) — U (t, + duk) + U (t,)

\k\SC(Qllogl)% L
= o(cn)

almost surely. It remains to show that

max |Qn (tp + dnk) = Qn ()| =0 (nc,)
[k|<C (2 logl) T

almost surely with Qn (1) = > ., <, he (Xi, Xj,t). We first consider mixing as-
sumption 1. (strong mixing) and concentrate on the case v < 6. In the case a > 6,
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5.3 Central Limit Theorem and Law of the Iterated Logarithm

a similar calculation can be done. Recall that for any random variables Y7, ..., Y,,:
E (max;—1, m ‘Yi|)2 < Z:il EY? and therefore

2
1
FE ( max max ﬁ |Qn, (tp+dnk) — Qn (tp))

-1 1
PSS <o (2t logl) T

2
1 !
< e P max Z max  (Qo-1) 1 oa-1) (tp+dnk) = Qau-1) o1 (tp))
220-1¢2 l + i=1,...,2!—d
2 |k|<C(2tlogl)Td=1" "

l 2l7d
: 2
) 200 2 12 Z E (Qqu-1) in@-1) (tpFdnk) — Qou-1) 4901 (tp))
’ k|<C(2! Ing)% d=11=1
1 2l
2
S PN > ooy
k<O (2! logl) 11,12,13,44=1

|E [(hQ (Xileizvtp+dnk)_h2 (Xlelz’tp)) (hQ (X137X14a tp"i_dnk)_hQ (Xls> XZ47 ))” )

where we used the triangular inequality in the last step. By means of Lemma 3.2.3
and 3.2.5, we arrive at

2
1
E| max max  ——— |Qn (t, + dpk) — Qy (1)
— I— n\vp n n \*p
2! 1§TL<21 |k|§C(2l logl)% lcn

1

1 2[ § ) st ey
C (2 oy iat (< S22 pysy - o2
i=1 %

— 24¢3 \logl 24113 (log 1) (log!)
As o > 5, we have that g + %fy — %a = %31“_6 < 0 and thus the second moments

are summable. The almost sure convergence follows by the Chebyshev inequality and
the Borel-Cantelli lemma, so the first statement of the theorem is proved.

Under Condition 2. (near epoch dependence on absolutely regular sequences), we
have by Lemma 3.2.4 and > .2 i5(i) < 00, > o0  14; < 00

2

E  max max ’Qn( + dnk) — Qn (tp)]
Hisn< |k|<C(2llogl)
l 2l . 1(3+1y) 1
o () (o) £
242 logl — A 2412 (log 1) 3 2/G=17)(log 1)1

Since v € (0, 1), we have that % — %fy > 0 and the second moments are summable. By
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5 U-Quantiles

the Chebyshev inequality and the Borel-Cantelli lemma, we have now proved that

sup U, (¢) = Un (t,) = U (1) + U (t,)|
|t—tp|<C /225

=  max Uy (tp+duk) = Un(ty) = Uty + duk) + U (t)] + 0(cn) = o(cn)
|k|<C (2! logi) ™

almost surely. To prove that

Un (tp) -U (tp)
u (tp)

R,:=U."(p)—t, + =0 (n*%é’Y(logn)%(loglogn)%> :

let without loss of generality u (t,) = 1, otherwise replacing h(z,y,t) by h <:1:, Y, @)
We represent R,, with the help of the inverse of the local empirical U-process Z,, with

Zn () == (U, (- +t,) = U, (t,)) " (z) — 2 = inf {s|Un(s+1t,) = U, (tp) <z} —x
=inf {s|U, (s) <z + Up(tp)} —x—t, =U, " (x + Uy, (t,)) — . — 1.

So we have

By Theorem 3.3.3

n

lim sup +
n—00 loglogn

and by the first statement of the theorem and the differentiability condition we have
that

sup \Up (z +t,) — Uy, (t,) — x|
o</ oEREn
< sup \Up (x+1tp) —U(z+t,) — U, (t,) + U ()]
o</ oETEn
+ sup U (x+t,) —U(t,) —x|=o0(cn)-

o] <C/FoEeen
So by Theorem 1 of Vervaat [90]

sup U (@ + ) = U, () — 2| = o(cn).

n
|IE|<C /loglogn
— n

[Bal < sup [Zn(z)[ = 0(ca),
ol <0/ BEE

so the second statement of the Theorem is proved. O]
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5.3 Central Limit Theorem and Law of the Iterated Logarithm

With the kernel function h(x,y,t) = %(]l{xgt} + 1y;<4y), this theorem includes the
ordinary distribution function F,(t) :== +>°" T« as a special case. For this
kernel function, the degenerate part of the empirical U-distribution function does
not exists and if the sequence (X, )nen is strongly mixing, the variation condition
is not needed. Furthermore, the decay of mixing coefficients a(n) = O(n~%) for an
a > 3 is fast enough. This is an improvement of a Theorem by Sun [88], as he
assumes a faster decay of the mixing coefficients, namely a > 10, and obtains the
rate R, = o(n’%“ logn) for any 6 > 4(;}r1). Additional, his proof demands the
distribution function to be differentiable twice.

Yoshihara states the rate R, = o(n’% logn) a.s., but a careful reading shows that

there is a mistake in Line (20) of his paper. Instead of

4

E < C(nlgy)t™

iZCJ’ (04 (i — 1)qw, 0 + iqi)

=1 i=1

with G(s,t) = Lix,<ip — Lix,<s) — (F(t) — F(s)), the inequality should be
4
< Cn*(lgy)"™.

n

!
Z G (0 + (i = 1)qw, 0 + iqr)

j=1 i=1

E

If this line is corrected, his proof leads to the rate R, = o(n~5 87 (logn) (loglogn)?)
with v < %, so our theorem is also an improvement.

For a fast decay of the strong mixing coefficient (o« — o0), our rate becomes close
to the optimal rate proved by Kiefer [58]. As the empirical distribution function
and empirical sample quantiles are included as a special case, we cannot obtain a
better rate. However, for some kernel functions and the associated U-quantiles, the
empirical U-distribution function might be smoother and the remainder term in the
Bahadur representation might converge faster:

Example 5.3.2. We consider again the Hodges-Lehmann estimator associated with
the kernel function h (z,y,t) = ]l{%(x+y)§t}' Let (X, )nen be a sequence of indepen-
dent standard normal random variables. We will show that

U (tp) — Un (tp)
u ()
almost surely. We have that hy(z,t) = P(Y <2t—x2)—P(X+Y <2t) = o2t —x)—

®(+/2t) is Lipschitz continuous in ¢ uniformly for all 2, where ® is the distribution
function of a standard normal random variable, so

R, :=U."(p)—t, — =o0(n"'log’n)

E (Zn: hl (X,L, S) — hl (Xl,t) —F [hl (Xl, 8) - hl (X,L,t)]> S CTL2’S - t|4
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5 U-Quantiles

Using this moment inequality instead of Lemma 4.2.1, we can prove Lemma 5.2.1
with v = 3 and arrive at

sup |, (8) = F () = F, (t,) + F (t,)| = 0 (n*log?n)
‘t_tp|fc\/@
1

for F, (t) := = > "1, h1 (X, t) almost surely as n — co. Furthermore by the Lipschitz
continuity of the U-distribution function, E [h(X;, X;,t) — h(X;, Xj,s)] < C|s — ],
so E[hao(X;, Xj,t) — ha(X;, X, 5)] < Cl|s — t| and consequently we have for the de-

generate part
k 2 k
E (Qn(tp + ﬁ) - Qn(tp)) < anﬁ

(the summands of Q,,(t, + £) — @, (t,) are unkorrelated). With the same arguments
as in the proof of our Theorem 5.3.1, we finally get

2

1 k
E | max max Qn (t + —) — Qn ()
2l-1<n<2! \k\gC(Qllogl)% nlog®n Pl b
1
1 logl 2 log(
25l 21 _
§022ll4l (2'logl)22 ( o ) =C 2

and as this bounds are summable, we can conclude as before that R,, = o (nfl log? n)
almost surely.

For any kernel functions satisfying the conditions of Theorem 5.3.1, we have that
R,=o0 (n’%>, so if we express the empirical U-quantile as
U (tp) — U, (tp)
u(tp)
we can applying Theorem 3.3.1 or 3.3.3 to the U-statistic U, (¢,) to obtain

Un_l (p):tp+ + Ry,
Corollary 5.3.3. Under the assumptions of Theorem 5.3.1 it holds that

VE (U ) - 1) B N (0.0%)
with

T2
u?(tp) e

Corollary 5.3.4. Under the assumptions of Theorem 5.3.1 it holds that

n
limsup £, /——— (U (p) —t,) = o.
im sup 210glOM(Un (p) —tp) =0

0'2 = L (Var [hl (Xl,tp)] + QiCOV [hl (Xl,tp> s hl (Xk,tp)]> .
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6 U-Quantile-Processes

6.1 Definition and Applications

In this final chapter, we will study not a single U-quantile, but the empirical U-
quantile process (U, '(p)),e; under dependence (where I is some intervall defined
later). We will combine methods from Chapter 4 and 5 to do so, developing a uniform
version of the generalized Bahadur representation. There are other methods to deduce
functional limit theorems for quantile processes from the limit behaviour of empirical
processes which also could be generalized to U-quantiles, in particular the functional
d-method, see for example the book of van der Vaart and Wellner [89], page 387.
Lévy-Leduc et al. [67] used this method for U-quantiles of long range dependent
data. In a very clearly written paper, Vervaat [90] showed that the convergence of
inverted processes can be derived with easy analytical arguments, Doss and Gill [37]
gave a more general version of his arguments.

The Bahadur representation has the disadvantage that additional calculations are
needed, but it gives a deeper inside into the quality of the approximation of the U-
quantile process by the empirical U-process. We will examine the rate of convergence
of sup,¢; R,.(p) and use the approximation of the empirical U-process by a Gaussian
process. The assumptions on the dependence of the random variables will be the
same as in Chapter 4. However, as we divide by v in the Bahadur representation, we
have to assume that this derivative behaves nicely. The densitiy of a random variable
can not be bounded away from 0 on the whole real line, as it must integrate to 1, and
the same problem occurs for the derivative of the U-distribution function, so we limit
our investigation to some intervall where the this derivative is bounded away from 0.

The Bahadur representation for the sample quantile process goes back to Kiefer
[58] under independence, Babu and Singh [10] proved such an representation for
mixing data and Kulik [64] and Wu [96] for linear processes, but there seem to be no
such results for the U-quantile process. Csorgd and Révész [24] established a strong
invariance principle for the sample quantile process under independence, we will give a
strong invariance principle for the U-quantile process under dependence. Additionally
to the empirical U-quantile process, we are interested in linear combination of U-
quantiles, which can be expressed as linear functional of the empirical U-quantile-
process.
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6 U-Quantile-Processes

Definition 6.1.1. Let be py,...,pq € I, b1,...,b4 € R and J a bounded function
that is continuous a.e. and vanishes outside of I. We call a statistic of the form

1, =T (0 = [TV 0o+ 300 )

7j=1
n(n271) . 2 )
n(n—1) i
= Jdt- Ut — .
i=1 /'i“_% ) " (n(n—l)) +; iU (pj)

generalized linear statistic (G L-statistic).

This generalization of L-statistics was introduced by Serfling [85]. U-statistics,
U-quantiles and L-statistics can be written as G L-statistics (though this might be
somewhat artificial). For a U-statistic, just take h(z,y,t) = L{guy<y and J =1
(this only works if we can consider the interval I = [0,1]). The following example
shows how to deal with an ordinary L-statistic.

Example 6.1.2. Let h(z,y,t) == 3 (Lz<sy + Liy<sy), p1 = 0.25, po = 0.75, by = —1,
b, =1, and J = 0. Then a short calculation shows that the related G L-statistic is

T, = F;1(0.75) — F,1(0.25),

where 7! denotes the empirical sample quantile function. This is the well-known
inter quartile distance, a robust estimator of scale with 25% breakdown point.

Example 6.1.3. Let h(]),y,t) = % (]l{:vgt} + ]l{ygt}) and J(l‘) = ﬂ{x€[0.25,0.75]}~ This
leads to the 25%-trimmed mean as a G L-statistic.

Example 6.1.4. Let h(z,y,t) = ]l{l(%y)zq}, p1 = 0.75, by = 0.25 and J(z) =
3 (z—y)2<

Lize0,0.75)y- The related G L-statistic is called winsorized variance, a robust estimator

of scale with 13% breakdown point.

The uniform variation condition also holds for this example, because h(z,y,t) =
ﬂ{%(wfy)Qgt} = ]l{lwfy\ﬁx/ﬂ} and this is the kernel function of Example 5.1.3.

6.2 On the Continuity of the Empirical U-Process

Lemma 6.2.1. Let be F' a non-decreasing function, ¢, > 0 constants and [C, Cy] C
R. If for all t,t' € [Cy, Cy] with |t —t'| <1+ 2c

[F(t) = F(t) = (t =t <c,
then for all p,p’ € R with |[p—p'| <1 and F~*(p), F*(p/) € (C1 +2c+1,Co —2c—1)
[F= p) = FH () = (p =9 < e
where F~*(p) := inf {t|F(t) > p} is the generalized inverse.
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6.2 On the Continuity of the Empirical U-Process

Proof. Without loss of generality we assume that p < p’. Let be € € (0,¢). By our
assumptions

F(F'p)+ (@ —p)+c+e) >F(F ' (p)+e)+( —p)+c—c
>p+( —p=r.
By the definition of F~!, it follows that
F7Yp) =inf {t|F(t) > p'} < F ' (p)+ () —p) +c+e
So taking the limit € — 0, we obtain
F' )< F ' (p)+ (' —p) +c
On the other hand
F(F'p)+ (@ -p)—c—€¢) <F(F'(p)—€)+ (@ —p) —c+c
<p+@ -p=r.

So we have that

Fp) 2 F ' p)+ (' —p) —c—¢
and hence F~(p') > F~1(p)+ (p' — p) — c¢. Combining the upper and lower inequality
for F~1(p'), we conclude that |[F~1(p) — F7X(p') — (p —p')| < e O

Lemma 6.2.2. Let h be a kernel function that satisfies the uniform variation con-
dition such that U differentiable on an interval [Cy,Cs] with 0 < inficie, oy u(t) <

SUDye(0y,0] u(t) < oo (u(t) =U'(t)) and

sup U(t) = Ut —u(t)(t —t)] = O (x)

t,t'€[C1,Co]:  |t—t/|<z
and one of the following two mizing conditions is satisfied:
1. (Xy),en 18 strongly mizing with mizing coefficients a(n) = O(n™%) for a > 8

and E|X;|P < oo for a p> 1.

2. (Xn),en 18 near epoch dependent on an absolutely regular process with mizing
coefficients B(n) = O(n=P) for B > 8 with approzimation constants a, = O(n=%)
for a = max {f + 3,12}.

Then for any constant C > 0
sup U, (8) = Un(t') — u(t)(t — t))] = o(n"2 % logn)

t7t/6[01702]:

/ loglogn
jt—t/|<C/TETET

with v as in Lemma 4.2.1 respectively 4.2.2.
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6 U-Quantile-Processes

Proof. As a consequence of the differentiability assumption and v < 1

sup U(t) = U®F) — u(t)(t — )| = o(n"2" % logn),
t,t'e[C1,Ca):

loglogn

[t—t'|<CH/ =B 2ET

so it suffices to show that
1

K, = sup |Un(t) = Un(t') = (U(t) = U(t'))] = o(n"2"% logn).
t,t'e[C1,Ca]:

loglogn
e~ <C/BEER

For [ € IN choose tl,l;---atk—l,l with kK =k = O (’/log ) Cy = t07l < tl,l < ... <

tho1g <ty = Co and /'8 < U(ty) — Ultro1y) < 24/%L Clearly

K, <2 max sup |U,(t) — U, (t") — (U) = U{"))|

r=L,. :kttfe[tr llyrl]

<4 max  sup |U,(t) = Upn(t,—11) — (U(t) = U(ti—12))] -

r=Lek bt g gt

Now choose m = m; € N and for r = 1,...,k and r* = 1,...,m — 1 real numbers
tr . such that ¢,y = 5, <, < ... < th_ 1, < th,, =t and 27GT <

Uty ) = Uty 1) <2 2t As U, and U are non-decreasing, we have for

r*,rl

te (th . pth,,)andn =2 241 —1

|Un ()—Un(tr—u) Ut) = Ultr-11))|
<maX{\U rert) = Un(tro10) = (U(t) = Ultr-11))

‘U r* 1rl> Un(r 11) U(t) U rfl,l ‘}
<maX{ rent) = Un(tre1g) = (Ut ) = Ultr0)]

|Un(ty. - m) Un(tr-10) = (U1 00) = Ultr—aa))|} + Ut ) = U610,

and consequently

9

) —
(
) —
(

K, <4 max max |Un(th ;) = Un(tr—1y) — (Ut ) — Ulte—1y))|

r=1,..kr*=1,....m

4 max max |U(t )~ Ulte1,)

r=1,..,kr*=1,...m

o Z h1 Xl7tr*rl - — Z hl Xz’tr ll)

1<i<n 1<z<n

( Z h2 Xza Js brx rl Z hQ(Xi7Xj7t"'_1vl)>‘

1<i<j<n 1<i<j<n

< 8 maX max
LSkr*=1,.m

+4 max max
=1,...,kr*=1,....m

+4 max max |U(th ;) —U(tr_q,)|

r=1,...kr*=1,..., m
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6.2 On the Continuity of the Empirical U-Process

We will treat these three summands seperately. From our choice of ¢* we obtain

r* ol

max max |U(ty ) —U(tr._q,,)| <2-27 G+ = o(n~2" % logn).
r=1,...,kr*=1,...m o

With the help of Proposition 4.2.3, it follows for the degenerate part that

< Z hQX X],t:*r Z hQ(XianatT—l,l)>‘

1<i<j<n 1<i<j<n
_1_xy
o(n 7).

Furthermore, we have for the linear part by Lemma 4.2.1 respecitvely 4.2.2 and Corol-
lary 1 of Moricz [69] (which gives moment bounds for the maximum other multidi-
Zhl X“tT‘* 1T‘l Zhl(X’mtT‘*l,l)
i=1

n >4

Z Z hl Xl, tr* rl hl (Xl7 t:*fl,r,l))

i=1 r*=1

max max
r=1,..kr*=1,...m

4
sup

R ho (X3, X5, t)| =
_n(n_l)te]R 2( ! )

1<i<j<n

mensional partial sums)

—ol . 241 1r=1.. kr*=1,.,

FE ( max max maX
n=2

IN

>4
1+v

log | Do
§0k22lz2< ‘;%) < CP(logl)32@- 3,

k

E FE rnax max
1 n=2l_. 2+l _1mi=

r=

as k = O(1/2). So we can conclude that for any e > 0

logl
S P

n

e AP s Z(hl(X“ Fetnt) = (X tro1)
=1 e
>, 222 (log 1) 2 >, (logl)z
=C 474902 :CZ 2
=1 =1
With the Borel Cantelli lemma, it follows that
max, max N7 h(Xi i) = Y hi(Xteo)| = o(n2 ¥ logn)
=l k= 1<i<n 1<i<n

almost surely and finally

o Zhl is r*rl Zhl Xutr ll

1<i<n 1<z<n

_0( % %logn)a

maX max
Lkrr=1,...,m

so all three summands converge with the required rate and the proof is completed. [
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6 U-Quantile-Processes

6.3 Strong Invariance Principles
Recall that the remainder term in the generalized Bahadur representation is defined

p—Un(tp)

u (tp)
and that we write ¢, := U~(p). We set U, '(p) := 0 as it is not possible to find a
generalized inverse of Uy = 0.

Rn(p) = Un_l (p) —tp —

Theorem 6.3.1. Let h be a kernel function that satisfies the uniform variation con-
dition such that U differentiable on an interval [Cy, Co] with 0 < inficic, oy u(t) <

SUDye (e, 0y U(E) < 00 (u(t) =U'(t)) and
sup U(t) — Ut —u()(t -1 =0 (g;)
tHE[C1,Ca): [t—t|<a
and one of the following two mizing conditions is satisfied:
1. (Xy),en 18 strongly mizing with mizing coefficients a(n) = O(n™?) for a > 8
and F|X;|P < oo for a p > 1.
2. (Xn),en 18 near epoch dependent on an absolutely regular process with mizing

coefficients 3(n) = O(n=P) for B > 8 with approximation constants a, = O(n=?)
for a = max {f + 3,12}.

Then s
ns o
sup R =o(n" s logn
ur \/ﬁl ns) (P)] = o gn)
s€[0,1]
almost surely with I = [Cy, Co] with U(Cy) < Cy < Cy < U(Ch), 7 := 2 (under

_ B3

= 511 (under near epoch dependence on an absolutely

strong mizing) respectively =y :
reqular process).

Note that for a fast decay of the mixing coefficients, the rate becomes close to
n‘é, while the optimal rate for sample quantile process of independent data is
n~1(logn)z (loglogn)1, see Kiefer [59).

Proof. To simplify the notation, we will, without loss of generality, assume that
U(p) = p = t, on the interval I. In the general case, one has to change the func-
tion h(z,y,t) to h(z,y,U"'(t)), as Eh(X,Y,U ' (p)) = U(U *(p)) = p. For related
empirical U-process U, o U~!, we have

U )
u(ty)
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6.3 Strong Invariance Principles

so R,(p) is only blown up by a constant because of this transformation. If U(p) =
p = t,, then we can write R,(p) as

Rn(p) = Un_l(p) —tp+ Un(tp) - D
= (Un_l(p) - Un_l(Un(tp)) + Un(tp) - p) + (Un_l(Un(tp)) - tp) :

Applying Lemma 6.2.2 and Lemma 6.2.1 with F' = U, ¢ = n_%_%logn and [ =

C bgl%, we obtain

sup U (p) = U () — (0 — )| = o(n~ 2% logn)
p,p'€l:

/ loglogn
[p—p'|<Cy/ 28280

almost surely. By Corollary 4.3.3 we have that sup,c(c, ¢, (Un(tp) —p) < C beons
almost surely, it follows that
sup U (p) = Uy (Ua(t) + Un(ty) = )
pe
< swo U0 - US) — (0 p)] = o(n 7 R logn)

p,p'€l:

/ loglogn
lp—p'|<Cy/ 28252

almost surely. Tt remains to show the convergence of U, *(U,(t,)) — t,. For every
e > 0 by the definition of the generalized inverse, Uy (U, (t,)) —t, > en"27% logn
only if U,(t, + en~27% logn) < U,(t,) and U; (U, (t,)) —t, < —en~2~% logn only if
U, (t, — en~2% logn) > Up(t,). So we can conclude that

P |sup |U,  (U,(t,)) — t,| > en~z % logn io.
pel

<P sup Un(t + en 2% log n) —Uy(t) <0 io.

1
te[C1,Co—en” 2 ¥ logn]

<P sup |U.(t) — U, (t") — (U@) —UE")| > |Ut)—U{)| io.
t,t’E[C1,CQ]
_|t—t/|:en7%7% logn
1
<P sup U ()= Un(t) = (U () =T (t))] > ————
tt'e[Ch,Cs) n2ts Hlfte[cl,cﬂ u(t)
_|t—t’|§en_%_% logn
=0
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6 U-Quantile-Processes

where the last line is a consequence of Lemma 6.2.2. Now we have proved that
sup,e; [Rn(p)| = o(n’%’% logn), and can finally conclude that

n
su R,
ogn 5P \/—l ins| (D)]

s€[0,1]

i
< ~sup |Ry(p)| +  sup - sup | Ry (p)|
w<ym N logn logn' ,er Ja<n'<n logn/ per

n

_l+l n/%+%
< Cn~1716 sup sup |Rn/(p)| + sup log 1/ sup |Rn’(p)| — 0.
n’eN pel n'>y/n 10 pel

]

Using the Bahadur representation, we can deduce the asymptotic behaviour of the
empirical U-quantile process from Theorem 4.3.1.

Theorem 6.3.2. Let h be a kernel function that satisfies the uniform variation con-
dition such that U differentiable on an interval [Cy,Cs] with 0 < infico, oy u(t) <

SUDye(cy,0] u(t) < oo (u(t) =U'(t)) and

sup U(t) = U(t) —u(t)(t —t)] = O (:13)

t,t’'e[Ch,C2]:  |t—t'|<z
and one of the following two mizing conditions is satisfied:

1. (Xy),en 18 strongly mizing with miving coefficients a(n) = O(n™?) for a > 8
and E|X;|P < oo for a p > 1.

2. (Xn),en 18 near epoch dependent on an absolutely regular process with mizing
coefficients B(n) = O(n=P) for B > 8 with approzimation constants a, = O(n=%)
for a =max {f + 3,12}.

Then there exists a centered Gaussian process (K'(p, s))perser (after enlarging the
probability space if necessary), where I is the interval introduced in Theorem 6.3.1,
with covariance function

EK'(p,s)K'(p',s') = min {s, s'} ;
U
such that

su — K'(p,ns)| = O(log™ 5% n).
p[GIID]\/— (5] (U} () — 1) (p, ns) (log )
s€(0,1
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6.3 Strong Invariance Principles

Proof. Define K'(p, s) := —#p)K(tp, s), there K is the Gaussian process introduced
in Theorem 4.3.1. K’ is then a Gaussian process with covariance function

EK/(p7S)K/(p/75/) = min{s,s’} F(tZ”tP/)

1
u(ty)ulty)
and by Theorem 4.3.1 and Theorem 6.3.1

sup ‘ i — K'(p,ns ‘
e \/— L Jp) tp) (p, ns)
s€[0,1]
_ b - Un(t )
< Ul B S AN 74
sup —= |. J( [ns] (p) p U(tp>
s€[0,1]
4 sup —=— |[15] (U (1) — p) — K (1. 5)|
sup —= ns | (U)ns —p) — NS
el nu(tp) [ns|\'p P
s€[0,1]
< sup PR 0 sup |11 (Ui () — ) — K (1, 3)|
B p[ef] NG el inf,eru(ty,) p[el] \/_ Lns P
s€[0,1 sel0,1

:O(logfﬁ n)

almost surely.
O

K’ is a Gaussian process with independent increments in s direction, so we have
the following consequences:

Corollary 6.3.3. Under the assumptions of Theorem 6.5.2

(“Hwpo- m)temm

converges weakly in the space D(Rx[0,1]) of cadlag functions (equipped with the supre-
mum norm) to the centered Gaussian process (K'(p, s))per ser introduced in Theorem
6.3.2.

Corollary 6.3.4. Under the assumptions of Theorem 6.3.2, the sequence

|ns| ~1
<( Vonloglogn el (P) tﬁ)pel,sdo,u)

is almost surely relatively compact in the space D(R x [0,1]) of cadlag functions
(equipped with the supremum norm) and the limit set is the unit ball Uy of the
reproducing kernel Hilbert space K' associated with the covariance function of the
process K'.

nelN
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6 U-Quantile-Processes

As G L-statistics are linear functionals of the empirical U-quantile process, we get
an approximation for 7),:

Theorem 6.3.5. Let be py,...,pqg € I and J a bounded function that is continu-
ous a.e. and vanishes outside of I. Let h be a kernel function that satisfies the
uniform variation condition such that U differentiable on an interval [Cy, Cy] with

0 < infiejoy, ) u(t) < SUPye(e, oy u(t) < 00 (u(t) =U'(t)) and

sup Ut) —UE) —u(t)(t—t) =0 (q;) .

t,t’e[C1,C2]:  |t—t'|<z
and one of the following two mizring conditions is satisfied:

1. (Xy),en i strongly mizing with mizing coefficients a(n) = O(n™?) for a > 8
and F|X;|P < oo for a p > 1.

2. (Xn),en 15 near epoch dependent on an absolulely regular process with mizing
coefficients B(n) = O(n=") for 8 > 8 with approzimation constants a, = O(n=%)
for a = max{g + 3,12},

then there exists (after enlarging the probability space if necessary) a Brownian motion
B, such that for T,, defined in Definition 6.1.1 and

) / /02 L)y
d

+226 /02 L ”J’ p)dp +be (tp.s t;)
U pv u(tpj)
we have that

1 1
sup —= | |[ns|(Tins) — T(U™Y)) — 0B(ns)| = O(log” %0 n
sG[O,l]\/ﬁlL [(Tins) =T(U)) (ns)| = O( )

almost surely.

Proof. If 02 > 0, set

B(s) = ~T(K'(,5)) = / JO)K (0, 5)dp+ 3 b;Un(py).

g I j=1

In the case 02 = 0, B may be an arbitrary Brownian motion. As J is a bounded func-
tion, 7" is a linear and Lipschitz continuous functional (with respect to the supremum
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6.3 Strong Invariance Principles

norm), so

sup \/_ |ns|(T (U;lsJ)—T(Ufl))—aB(ns)

s€[0,1]
= sup ‘T LU —K'(,ns ‘
8601]\/— ( Uina ) ( )>
< C su ’ t)) — K'(p,ns)| = O(log~ 5w n).
p[e?]\/_ LNSJ (p) —tp) (p,ns) (log )
s€(0,1

It remains to show that B is a Brownian motion. Cleary, EB(s) = 0 for every
s > 0. By the linearity of T', B is a Gaussian process with stationary independent
increments. Furthermore

:% / / tS <)) J(p)J(q)dpdq

d

2Zb /02E (p;»S)K(tq’S)] d +_be tpms)K(tpr)]

u@pj )u(tp) tpi )u(tpj)

7,7=1

By the well-known properties of Brownian motions, we have:

Corollary 6.3.6. Let be py,...,pqg € I and J a bounded function. Under the as-
sumptions of Theorem 6.3.5 for T,, defined in Definition 6.1.1:

Lns]
NG

converges to the Brownian motion oB(s) with o* as in Theorem 6.5.5.

(TLnsj - T(U71>>

Corollary 6.3.7. Let be p1,...,pqg € I and J a bounded function. Under the as-
sumptions of Theorem 6.3.5 for T,, defined in Definition 6.1.1:

[ns] -1
(T ns| — T(U ))S 0,1
<\/2n10glogn Lns] <oy neN

is almost surely relatively compact in the space D[0,1] (equipped with the supremum
norm) and the limit set is

{ra0y w0 =0 [ o<

with o® as in Theorem 6.3.5.
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